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25-MODULES ON RIGID ANALYTIC SPACES I 


KONSTANTIN ARDAKOV AND SIMON WADSLEY 


Abstract. We introduce a sheaf of infinite order differential operators T> 
on smooth rigid analytic spaces that is a rigid analytic quantisation of the 
cotangent bundle. We show that the sections of this sheaf over sufficiently 
small affinoid varieties are Frechet-Stein algebras, and use this to define co- 
admissible sheaves of P-modules. We prove analogues of Cartan’s Theorems 
A and B for co-admissible X>-modules. 
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1. Introduction 

1.1. Background and motivation. The theory of 25-modules goes back over forty 
years to the work of Sato and Kashiwara for 25-modules on manifolds [18] and to the 
work of Bernstein for 25-modules on algebraic varieties [9] . Originally introduced as 
a framework for the algebraic study of partial differential equations there have been 
also been fundamental applications in the studies of harmonic analysis, algebraic 
geometry, Lie groups and representation theory. In this paper we attempt to initiate 
a new theory of 25-modules for rigid analytic spaces in the sense of Tate [28]. 

In their seminal paper [5], Beilinson and Bernstein explained how to study repre¬ 
sentations of a complex semi-simple Lie algebra g via twisted 25-modules on the flag 
variety B of the corresponding algebraic group. In particular they established an 
equivalence between the category of finitely generated modules over the enveloping 
algebra 17(g) with a fixed regular infinitesimal central character \ an d the category 
of coherent modules for the sheaf of x-twisted differential operators on B. 

Our primary motivation for this work is to establish a rigid analytic version 
of the Beilinson-Bernstein equivalence in order to understand the representation 
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theory of the Arens-Michael envelope 17(g) of the universal enveloping algebra of 
a semi-simple Lie algebra g over a complete discretely valued field K of mixed 
characteristic. The Arens-Michael envelope is the completion of 17(g) with respect 
to all submultiplicative seminorms on 17(g); when g is the Lie algebra of a p-adic Lie 
group, 17(g) occurs as the algebra of locally analytic A'-valued distributions on this 
group supported at the identity, and is therefore of interest in the theory of locally 
analytic representations of p-adic groups, developed by Schneider and Teitelbaum 
j23j |. We delay the proof of our version of the Beilinson-Bernstein equivalence to a 
later paper, but see Theorem IE1 below for a precise statement. Here we construct 
the sheaf V on a general smooth rigid analytic space over A', and establish some of 
its basic properties. 

1.2. Rigid analytic quantisation. In our earlier work [Tj we proved an analogous 
theorem for certain Banach completions of 17(g) localising onto a smooth formal 
model B of the flag variety. In this new programme we extend that work in two 
directions. In the base direction, by working on the rigid analytic flag variety B an 
which has a finer topology than a fixed formal model B , the localisation is more 
refined and the geometry is more flexibl^l In the cotangent direction, we no longer 
fix a level n as we did in [T], and instead work simultaneously with all n. This 
involves using Schneider and Teitelbaum’s notions of Frechet-Stein algebras and 
co-admissible modules introduced in [25]. 

The definition of a Frechet-Stein algebra is modelled around key properties of 
Stein algebras; these latter arise as rings of functions on Stein spaces in (complex) 
analytic geometry. There is a well-behaved abelian category of co-admissible mod¬ 
ules defined for each Frechet-Stein algebra; in the case when the algebra in question 
is ring of global rigid analytic functions on a quasi-Stein rigid analytic space, this 
category is naturally equivalent to the category of coherent sheaves on this space. It 
is known [23] that 17(g) is a Frechet-Stein algebra. We view U(q ) as a quantisation 
of the algebra of rigid analytic functions on g* in much the same way that 17(g) 
can be viewed as a quantisation of the algebra of polynomial functions on g*. This 
is the starting point for our work: our Beilinson-Bernstein style equivalence should 
have the co-admissible modules for central reductions of U (g) on one side. 

1.3. Lie algebroids and completed enveloping algebras. When working with 
smooth algebraic varieties in characteristic zero, one can view classical sheaves 
of differential operators as special cases of sheaves of enveloping algebras of Lie 
algebroids as in [6], for example. We adopt this more general framework here 
partly for convenience at certain points of our presentation and partly for the sake 
of flexibility in future work; in particular we will use it to define sheaves of twisted 
differential operators in [3J. In section [9] below for each Lie algebroid if on a rigid 
analytic space X we construct a sheaf (2zf) of completed universal enveloping 
algebras on X. When X is smooth we then define V := ^(T). These sheaves 
% (Jzf) may be viewed as quantisations of the total space of the vector bundle Jzf*. 
In particular, in this picture, T> is a quantisation of T*X. 


1 In fact with a little extra effort our construction can be localised to the rigid etale site but 
we do not provide the details of that here. 
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One difficulty with extending the classical work on "D-modules to the rigid ana¬ 
lytic setting is that there is no known good notion of quasi-coherent sheaf for rigid 
analytic spaces (but see |7| for some recent work in this direction). We resolve 
that problem here by avoiding it; that is by restricting ourselves to the study of 
‘coherent’ modules for our sheaves of rings. Because our sheaves of rings ^ (jSf) 
are not themselves coherent the usual notion of cohere nt sh eaves of modules is too 
strong. However, the sections of our structure sheaves ^ (Jz?) over sufficiently small 
afhnoid subdomains turn out to be Frechet-Stein, so Schneider and Teitelbaum’s 
work shows us how to proceed: we replace the notion of ‘locally finitely gener¬ 
ated’ by ‘locally co-admissible’. Looked at through a particular optic these ‘locally 
co-admissible’ sheaves do deserve to be seen as if they were coherent. However, it 
seems to be necessary to fully develop a theory of micro-local sheaves in our context 
to make this interpretation precise. 

1.4. Main results. Our first main result is a non-commutative version of Tate’s 
acyclicity Theorem [25) Theorem 8.2], 

Theorem A. Suppose that X is a smooth K-affinoid variety such that F(X) is a 
free 0(X)-module. Then 

V{Y) := U(T(Y)) 

defines a sheaf T> of Frechet-Stein algebras on affinoid subdomains of X with van¬ 
ishing higher Cech cohomology groups. 

Here U(T(Y)) can be concisely defined as the completion of the enveloping 
algebra U{T{Y)) with respect to all submultiplicative seminorms that extend the 
supremum seminorm on 0(Y)\ see Section [6. 2l below for a more algebraic definition. 
Our next result involves an appropriate version of completed tensor product 
developed in Section [7] 

Theorem B. Suppose that X is a smooth K-affinoid variety such that 7~{X) is a 
free O(X)-module. Then 

Loc (M)(U) := V(U) <g> M 

V(X) 

defines a full exact embedding M i— > Loc (M) of the category of co-admissible D( X)- 
modules into the category of sheaves of T>-modules on affinoid subdomains of X , with 
vanishing higher Cech cohomology groups. 

We can extend V to a sheaf defined on general smooth rigid analytic varieties. 
Then we prove the following analogue of Kiehl’s Theorem [19] for coherent sheaves 
of (D-modules on rigid analytic spaces. 

Theorem C. Suppose that X is a smooth analytic variety over K. Let XI be a 
sheaf of T>-modules on X. Then the following are equivalent. 

(a) There is an admissible affinoid covering of X such that T(X,;) is a free 

0(Xi)-module, Xi(Xi) is a co-admissible V^Xf)-module and the restriction of 
A4 to the affinoid subdomains of Xi is isomorphic to Loc(.Ad(Xi)) for each 
i e I. 
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(b) For every affinoid subdomain U of X such that T{U) is a free 0(U)-module, 
M(U) is a co-admissible V(U)-module and M.(V) = 23(F) ® M.{U) for every 

V{U) 

affinoid subdomain V of U. 

We call a sheaf of 13-modules that satisfies the equivalent conditions of Theorem 
o co-admissible. Theorems iBl and ICl immediately give the following 

Corollary. Suppose X is a smooth K-affinoid variety such that 1~(X) is a free 
0(X)-module. Then Loc is an equivalence of abelian categories 


co—admissible 
23(A) —modules 


co—admissible sheaves of 
23— modules on X 


In fact we prove each of these statements in greater generality with T replaced 
by any Lie algebroid on any reduced rigid analytic space over I \, and for right 
modules as well as left modules. 

1.5. Future and related work. We plan to explain in the future how parts of the 
vast classical theory of 23-modules generalise to our setting with the results con¬ 
tained in this work being merely the leading edge of what is to come. In particular 
in [2] we will prove the following analogue of Kashiwara’s equivalence. 

Theorem D. Let Y be a smooth closed analytic subvariety of a smooth rigid ana¬ 
lytic variety X. There is a natural equivalence of categories 

co—admissible sheaves of 1 ^ j co—admissible sheaves of 

23 —modules on Y j [ 23— modules on X supported on Y 

In future work [3], we will prove an analogue of Beilinson and Bernstein’s local¬ 
isation theorem of [5] for twisted 23-modules on £> an . For the sake of brevity, we 
will only state the version of this result for un-twisted 23-modules here. 

Theorem E. Let G be a connected split reductive group over K with Lie algebra 
g, let B an be the rigid analytic flag variety and let Z(g) be the centre of 17(g). Then 
there is an equivalence of abelian categories 

co—admissible 
U{ g) ®z( 0 ) K—modules 


co—admissible sheaves of 
23— modules on B an 


We hope, perhaps even expect, that this work will have wider applications. 
Certainly it seems likely that the study of p-adic differential equations will be 
synergetic with our work. Also, much as the theory of algebraic 23-modules was 
influential for the field of non-commutative algebraic geometry, this work might 
point towards a non-commutative rigid analytic geometry (see also [26]). 

It is appropriate to mention here the body of work by Berthelot and others 
begun in m that considers sheaves of arithmetic differential operators on smooth 
formal schemes X over W ( k ). There are points of connection between our work and 
Berthelot’s but the differences are substantial. We also note that Patel, Schmidt and 
Strauch have begun a programme m of localising locally analytic representations 
of non-compact semi-simple p-adic Lie groups onto Bruliat-Tits buildings. Whilst 
their motivation is similar to ours there are again significant differences between 
our approach and theirs. 
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1.6. Intermediate constructions. In order to construct our sheaves (_£f) we 
first define some intermediate objects that may well prove to be of interest in their 
own right. 

Let 1Z denote the ring of integers of our ground field K , and fix a non-zero non¬ 
unit 7r E 7Z. Let X be a reduced affinoid variety over K. Given an affine formal 
model A in 0(X ) and an (7Z,A)-Lie algebra C we define a G-topology X W {C) on 
X consisting of those affinoid subdomains Y of X such that 0{Y) has an affine 
formal model B with the property that the unique extension of the natural action 
of C on O(X) to an action on 0(Y) preserves B. We call these affinoid subdomains 
C-admissible. 

For example if X = SpK(x), A = 7Z(x), and C = Ad x then the closed disc 
Y C X of radius |p| 1 / p centred at zero is ^-admissible because 7 Z(x,x p /p) is an 
G-stable affine formal model in 0(Y). The smaller closed disc of radius \p\ is not 
^-admissible, however it is p£-admissible. 

A key result due to Rinehart [22j Theorem 3.1] that underlies much of our work 
can be viewed as a generalisation of the Poincare-Birkhoff-Witt theorem to the 
setting of (JZ, A)-algebras. To apply this theorem directly to an enveloping algebra 
[/(£), the (1Z, A)-algebra C is required to be smooth. When this is the case, we 

construct a sheaf of Noetherian Banach algebras W(C)k on X W (C). 

We would have liked to prove that the restriction maps {C)k(Y) —> (C)k(Z) 
are flat whenever Z C Y are ^-admissible affinoid subdomains of X. Because we 
were unable to do this, we instead define a weaker C-accessible G-topology X oc (£) 

on X , and prove that if Z C Y are ^-accessible then (C)k(Z) is a flat ( C)k(Y )- 
module on both sides. Since every affinoid subdomain of X is 7r n £-accessible for 
sufficiently large n, this turns out to be sufficient for our purposes. 

Now, the X w (ix n C) form an increasing chain of G-topologies on X and every 
affinoid subdomain Y of X lives is X w (i r"£) for sufficiently large n, so the formula 

YimW (-K n C) k (Y) defines a presheaf of A'-algebras ( K C) on the affinoid sub- 
domains of X. We show that this presheaf is actually a sheaf, and that its sections 
over affinoid subdomains Y are Frechet-Stein in the sense of [23] with respect to 

the family (^(7r n £)^:(y)) n >o- We then use a version of the Comparison Lemma 
to extend this construction to a sheaf on every reduced rigid analytic space X. 

1.7. Structure of the paper. The main body of the paper begins in Section [3] 
where we define and study the G-topology X w (£) associated to a A'-afhnoid variety 
X with an affine formal model A and a smooth (7 Z, A)-Lie algebra C as explained 

above. The main result of that section is that the presheaf on X W (C) 

defined therein is a sheaf with no higher cohomology. In Section |4] we prove that 
various continuous A'-algebra homomorphisms that arise as restriction maps in the 
sheaves C)k on X ac (£) are flat. In Section [5] we prepare the way for Theorems 

151 and [Cl by proving preliminary versions for the sheaves C)k on X ac {C). 

In Section [6] we begin our study of Frechet-Stein algebras. In particular we 
give a functorial construction that associates a Frechet-Stein algebra U ( L ) to each 
coherent (A', A)-Lie algebra L with A affinoid. We do this via a more general 
construction that associates a Frechet-Stein algebra to every deformable 72.-algebra 
with commutative Noetherian associated graded ring. Then in Section[7]we define a 
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base change functor between categories of co-admissible modules over Frechet-Stein 
algebras U and V that possess a suitable U — K-bimodule. 

In Sections [8] and [9] we put all this together in order to prove Theorems [X] 
o More precisely, Theorems E and H are special cases of Theorems 18.11 and 18.21 
whereas Theorem[C]and its Corollary are special cases of Theorem [974] and Theorem 
19.51 respectively. 

1.8. Acknowledgements. The authors are very grateful to Ian Grojnowski for 
introducing them to rigid analytic geometry and to localisation methods in repre¬ 
sentation theory. They would also like to thank Ahmed Abbes, Oren Ben-Bassat, 
Joseph Bernstein, Kenny Brown, Simon Goodwin, Ian Grojnowski, Michael Harris, 
Florian Herzig, Christian Johannson, Minhyong Kim, Kobi Kremnitzer, Shahn Ma¬ 
jid, Vytas Paskunas, Tobias Schmidt, Peter Schneider, Wolfgang Soergel, Matthias 
Strauch, Catharina Stroppel, Go Yamashita and James Zhang for their interest in 
this work. The first author was supported by EPSRC grant EP/L005190/1. 

1.9. Conventions. Throughout the remainder of this paper I\ will denote a com¬ 
plete discrete valuation field with valuation ring 7 Z and residue field k. We fix a 
non-zero non-unit element n in 1Z. If A4 is an "/^.-module, then AJ denotes the w- 
adic completion of A4. The term "module" will mean left module, unless explicitly 
stated otherwise. 


2. Generalities 

2.1. Enveloping algebras of Lie—Rinehart algebras. Let R be a commutative 
base ring, and let A be a commutative i?-algebra. A Lie-Rinehart algebra, or more 
precisely, an {R, A)-Lie algebra is a pair ( L,p) where 

• L is an i?-Lie algebra and an A-module, and 

• p\ L — > Dei'ij(A) is an A-linear Lie algebra homomorphism 

called the anchor map , such that [x, ay\ = a[x,y] + p{x){a)y for all x,y £ L and 
a £ A; see [22], We will frequently abuse notation and simply denote (L,p) by L 
whenever the anchor map p is understood. 

For every (R, A)-Lie algebra L there is an associative i?-algebra U ( L ) called the 
enveloping algebra of L , which comes equipped with canonical homomorphisms 

iA'-A—>U(L) and il : L —*■ TJ{L) 

of i?-algebras and i?-Lie algebras respectively, satisfying 

i l{o,x) = iA(a)i l{x) and [il{x), (a.)] = iA(p(x)(a)) for all a£A,x£L. 

The enveloping algebra U ( L ) enjoys the following universal property: whenever 
ja '■ A —> S is an i?-algebra homomorphism and jr : L —>• S is an i?-Lie algebra 
homomorphism such that 

j L (ax) = j A {a)j L (x) and \j L (x),j A (a)] = jA{p(x)(a)) for all a£A,x£L, 
there exists a unique i?-algebra homomorphism ip: U(L ) —^ S such that 

ipoi A =jA and ipo i L =j L . 

It is easy to show [22], §2] that i A : A —>• U{L) is always injective, and we will always 
identify A with its image in U(L) via i A . 
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If (L, p), (L' , p') are two ( R , A)-Lie algebras then a morphism of (R , A)-Lie alge¬ 
bras is an A-linear map f : L L' that is also a morphism of J?-Lie algebras and 
satisfies p'f = p. 

A morphism of (R, A)-Lie algebras f: L L 1 induces an I?-algebra homomor¬ 
phism [/(/): U(L) —> U(L') via U(f)(a) = a for a £ A and C/(/)(*lx) = %)) 

for x £ L. So in this way, U defines a functor from ( R 1 A)-Lie algebras to associative 
i?-algebras. 

Definition. We say that an ( R , A)-Lie algebra L is coherent if it is coherent as an 
A-module. We say that L is smooth if in addition it is projective as a A-module. 

2.2. Base extensions of Lie—Rinehart algebras. Let A and B be commutative 
A-algebras and let ip: A —>• B be an i?-algebra homomorphism. If L is an (R, A)- 
Lie algebra, the R-module B L will not be an (R,B)~ Lie algebra, in general. 
However this is true in many interesting situations. 

Lemma. Suppose that the anchor map p: L -A Der/j(A) lifts to an A-linear Lie 
algebra homomorphism a: L —> Der^j(I3) in the sense that 

<j{x) o tp = ip o p(x) for all x £ L. 

Then (B L, 1 <8> cr) with the natural B-linear structure is an (R, B)-Lie algebra 

in a unique way. 

Proof. Write x ■ b := a(x)(b) and bx \=b®x for all x £ L and b € B. Following f22l 
(3.5)], we define a bracket operation on B L in the only possible way as follows: 

[6a;, b'x'} := bb'[x, x'\ — b'(x' ■ b)x + b(x ■ b')x' 

for all 6, b' £ B and x, x' € L. It is straightforward to verify that this bracket is 
well-defined, skew-symmetric, and satisfies 

[bx, c{b'x')\ = c[bx, b'x 1 ] + (1 ® a)(bx)(c)b'x' 
for all 6, 6', c G B and x, x' € L. Note that if x, y, z € L and b £ B then 

[[It, ly\,bz] + [[1 y, bz ], lx] + [[bz, lx], 1 y\ = ([x, y\ ■ b - x ■ (y ■ b) + y ■ (x ■ b))z 

so the condition that cr : L —> Der k(B) is a Lie homomorphism is necessary for 
the Jacobi identity to hold. A longer, but still straightforward, computation shows 
that this condition is also sufficient. □ 

Corollary. Suppose that if: Der/j(A) —>• Der^(H) is an A-linear homomorphism 
of R-Lie algebras such that if(u) o ip = <p o u for each u £ Derfl(A). There is a 
natural functor B — from (R, A)-Lie algebras to (R, B)-Lie algebras sending 
(L, p) to (B L, 1 8 ifp). 

Proof. Suppose that (p,L) and ( p',L') are (R, A)-Lie algebras and /: L —> L' is a 
morphism of (I?, A)-Lie algebras. Give (B L, 1 ® ifp) and (B ®a L ', 1 ® ifp') the 
structures of ( R , H)-Lie algebras guaranteed by the Lemma; we have to show that 
1 ® / : B 0a L —> B ®a L' is then a morphism of (R, B)- Lie algebras. 

It is H-linear and satisfies (1 ® ifp') o (1 <g> /) = 1 ® ifp because p'f = p. Now if 
6, c € B and x,y £ L then 

[(1 ® /)(6x),(l® f)(cy)] = bc[f(x),f(y)] — c(y ■ b)f(x) + b(x ■ c)f(y) 

= (1 ® f)([bx,cy]). 

Thus 1 ® / is an I?-Lie algebra homomorphism. □ 
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2.3. Rinehart’s Theorem. Let Sym(L) denote the symmetric algebra of the A- 
module L. Rinehart proved [22], Theorem 3.1] that there is always a surjection 

Sym(L) -» gr U(L) 

which is even an isomorphism whenever L is smooth. Therefore U{L) is a (left 
and right) Noetherian ring whenever A is Noetherian and L is a finitely generated 
A-module; we will use this basic fact without further mention in what follows. 

Proposition. Let ip: A -A B be a homomorphism of commutative R-algebras and 
let (L,p) be a smooth (R : A)-Lie algebra. Suppose that p: L -A Der#(A) lifts to 
an A-linear Lie algebra homomorphism cr: L —¥ Der#(B). Then there are natural 
isomorphisms 

B ®aU(L) —>U(B ®aL) and U(L) B —> U(B ®a L) 

of filtered left B-modules and filtered right B-modules, respectively. 

Proof. The pair (B ®a L, 1 ® a) is an (R, B)-Lie algebra by Lemma 12.21 The 
universal property of U(L) induces a homomorphism of filtered R-algebras 

£%): U(L) -»• U(B® a L) 

such that U(ip)(iL{x)) = ib® a l{ 1 <8> x) for all x G L. Since U(<p) is left A-linear, 
we obtain a filtered left R-linear homomorphism 

1 ® U(tp): B ® A U(L) —)• U(B L). 

By [22] Theorem 3.1], its associated graded can be identified with the natural map 

B Sym(L) —» Sym(B ®a L) 

which is an isomorphism by m Chapter III, §6, Proposition 4.7]. The isomorphism 
U ( ip ) ® 1: U(L) B —> U(B ®a L) of right .B-modules is established similarly. □ 

2.4. Lifting derivations of afRnoid algebras. Recall, [5J §3.3], that if A —> B 
is a morphism of affinoid algebras then there is a finitely generated B-module 

^ B/A 

such that for any Banach B-module M there is a natural isomorphism 

Hom B (n B/A) M) “ Der b A (B,M) 

where Der \{B,M) denotes the set of A-linear bounded derivations from B to M. 
Note that every Lf-linear derivation from B to a finitely generated B-module M is 
automatically bounded; this follows from the proof of [31 Theorem 3.6.1]. So in 
particular, Der^(B, B) = Dei' k(B). 

Lemma. Let ip: A —> B be an etale morphism of K-affinoid algebras. Then there 
is a unique A-linear map 

if : Der k(A) —> Der#(B) 

such that if{u) o ip = ip o u for each u £ Der# (A). Moreover if is a homomorphism 
of K-Lie algebras. 
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Proof. By [Til Corollary 2.1.8/3 and Theorem 6.1.3/1], ip : A —> B is bounded. 
Hence, composition with ip induces A-linear maps 

Derx(Al) Der b K (A,B) ^— Derx(B'). 

Since A B is etale, [8] Proposition 3.5.3(i)] guarantees that the natural morphism 
B Qa/k —>• ^b/k is an isomorphism. Taking U-linear duals shows that the 
restriction map 

/3 : Der K (B) —>■ Der b K (A,B) 

is also an isomorphism and therefore every A"-linear derivation of B is determined 
by its restriction to A. We therefore obtain a unique A-linear map 

if := /3 _1 o a : Der# (A) — > Der k(B) 

such that ifiu) o tp = ip o u for all u £ Der k(A). If u,v £ Der#(A) then the K- 
linear derivations if([u,v]) and [if(u),if(v)] of B agree on the image of A in B and 
therefore are equal. Hence if is & Lie homomorphism. □ 

Combining the Lemma with Corollary 12.21 gives the following 

Corollary. Let A —> B be an etale morphism of K-affinoid algebras and let L be 
a (K, A)-Lie algebra. Then there is a unique structure of a (K, B)-Lie algebra on 
B L with its natural B-module structure such that the natural map L —> B L 
is a K-Lie algebra homomorphism and the diagram 

L -— 5 - Der# (A) 

iji 

commutes. Moreover this defines a canonical functor from (K, A)-Lie algebras to 
(K. B)-Lie algebras. 

2.5. Lemma. Let C * be a complex of flat "A-modules with bounded torsion coho¬ 
mology. Then H q (C •) = H q (C') for all q, and C* <g># K is exact. 

Proof. Since C * has no 7r-torsion by assumption, for each n,m ^ 0 we have a 
commutative diagram of complexes of 7?.-modules with exact rows: 

0-C* C •-=- C'/n n+m C m -^ 0 

7T m 

0- C* — C m - C*/ir n C m -0. 

7T 

Now fix q, choose TV ^ 0 such that H q (C) and H q+1 (C) are killed by n N and 
let n,m N. Applying the long exact sequence of cohomology produces another 
commutative diagram with exact rows: 

0- H q (C') - H q (C m /TT n+m C m ) - H q+1 (C m ) -0 


0 


H q (C*) 


H q (C'/-jr n C m ) 


H q+1 (C m ) 


0. 
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Consider this diagram as a short exact sequence of towers of P-modules. Since the 
vertical arrow on the right is zero for m ^ N by assumption, and the vertical arrow 
on the left is an isomorphism, the long exact sequence associated to the inverse 
limit functor (im shows that 

H g (C m ) = ]jmH q (C'/TT n C') and ^m 1 H q {C'/iT n C') = 0 for all q. 

Because the maps in the tower of complexes (C'*/ 7r ”C'*)„ are surjective, this tower 
satisfies the Mittag-Leffler condition. The cohomological variant of |291 Theorem 
3.5.8] implies that 

£m H q {C m /n n C‘)^H q (C i ) for all q. 

Therefore C* has 7r-torsion cohomology. □ 

2.6. Torsion in U(C). Let A be a commutative Noetherian P-algebra, and let £ 
be a coherent (JZ 1 A)-lAe algebra. Let £ denote the image of £ in £ K\ this is 
again an (P, *4)-Lie algebra which is now flat as an P-module. 

Let U(£) denote the image of U(£) in U(£) K\ note that unless £ happens 
to be smooth, the 7r-torsion submodule of U {£) may well be non-zero. In any case, 
it is easy to see that there is a commutative diagram of P-algebra homomorphisms 
with surjective arrows 

U{£) -- U{£) 


U(£) . 

Note that because U{£®u K ) = U{£) < 8 ) 7 ?. K, the bottom arrow in this diagram is 
actually an isomorphism. 

Lemma. The functor X 1 —y Xk = X ( 8 -r. K transforms each arrow in the above 
diagram into an isomorphism. 

Proof. The kernel of U(C) —> U(£) is a finitely generated left ideal T in U(C) since 
U(£) is Noetherian. Since T K = 0 by construction, we see that 7 r n • T = 0 for 

some n ^ 0. The sequence 0 — > T — >• U(£) —> U(C) -A 0 is exact by (TUJ §3.2.3(h)], 

and n n -T = 0, so U(C)k —> U{C) K is an isomorphism. This deals with the vertical 
arrows, and the result follows. □ 

We will also require the following elementary result concerning flat modules. 

2.7. Lemma. Let S —> T be a ring homomorphism. Let u £ T be a left regular 
element and suppose that 

(a) T is a flat right 5-module, 

(b) is tt-torsion-free for all finitely generated left 5-modules M. 

Then W := T/uT is also a flat right 5-module. 

Proof. Let M be a finitely generated 5-module and pick a projective resolution 
P. —» Ad of Ad. Since Tg is flat, T <g>s P, —» T (£>g Ad is a projective resolution so 

Torf (W, M) = H\(W ® s P.) = Hi{W <g> T (T <g>s P.)) = Torf (W, T ® s Ad). 
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The short exact sequence 0 —> T T —> W —> 0 induces the long exact sequence 

0 = Torf (T, T ® s M) -*• Torf ( W,, T ® s M) ->• T ® s M T ® s M, 

so Torf (W, M) = Tor^ (W, T(&$ M) vanishes by assumption (b). Hence W is a flat 
right 5-module by |291 Proposition 3.2.4]. □ 

3. Tate’s Acyclicity Theorem for C)k 

3.1. £-stable affine formal models. Recall [121 §1] that an admissible IZ-algebra 
is a commutative 7?.-algebra which is topologically of finite type and flat over TZ. 

If A is a reduced /i-afhnoid algebra and A is an admissible 711-algebra then we 
say that A is an affine formal model in A if A = A K. Note that any affine 

formal model in this sense is automatically reduced. 

Lemma. Let A be an affine formal model in a reduced K-affinoid algebra A. 

(a) A is contained in A°, and A° is a finitely generated A-module. 

(b) A° is an affine formal model in A. 

(c) Every subring A' of A such that A C A! C A° is also an affine formal model 
in A. 

Proof, (a) Because A is topologically finitely generated over 7 Z, we can find a Tate 
algebra T = K(x i,--- ,x n ) and a surjective homomorphism cr : T° —» A. Then 
a k : T -» A. Since K is discretely valued and A is reduced, |T~h Theorem 3.5.6] 
implies that A° contains ct^(T°) = A, and is finitely generated over as a module 
over (Jk{T° ) = A . 

(b) We can find some Tate algebra T = K(x i, • • • ,x n ) and a surjective homo¬ 
morphism ip : T -» A. Then p{T°) is topologically finitely generated over 7 Z, and 
A° is a finitely generated <^(T°)-module by |141 Theorem 3.5.6]. So A° is also 
topologically finitely generated over 7 Z, and it is flat over 7 Z being contained in the 
A'-vector space A. 

(c) Since A is Noetherian and A° is finitely generated as an A-module by part 

(a), A 1 is also finitely generated as an A-module. Therefore it is an admissible 
7^-algebra and A' 0 -r. K = A. □ 

Let cr : A —>• B be an etale morphism of reduced AT-affinoid algebras and let A 
be an affine formal model in A. Let £ be an ( 1Z , A)-Lie algebra. Note that because 
a : A —»• B is etale, the action of L := £ K on A lifts automatically to B by 
Corollary 12.41 

Definition. Let B be an affine formal model in B. We say that B is C-stable 
if cr(A) C B and the action of £ on A lifts to B. We say that <r : A —> B is 
C-admissible if there exists at least one £-stable affine formal model B in B. 

Proposition. Let a : A —>• B be an C-admissible morphism of reduced K-affinoid 
algebras, let A be an affine formal model in A and let £ be an (7Z, A)-Lie algebra. 

(a) The set of C-stable affine formal models in B is closed under multiplication. 

(b) There exists a unique largest C-stable affine formal model B° in B. 

(c) aiA*) C B°. 

Proof, (a) Any two £-stable affine formal models in B are both contained in B° by 
part (a) of the Lemma because B is reduced. So their product is again an affine 
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formal model in B by part (c) of the Lemma. This product is also ^-stable because 
C acts on B by "A-linear derivations. 

(b) This follows from part (a), part (a) of the Lemma and the fact that any affine 
formal model is a Noetherian ring. 

(c) The "A-subalgebra a{A°)B <> contains B° and is ^-stable, therefore it is an bi¬ 

stable affine formal model by part (c) of the Lemma. Therefore it must be contained 
in B° by the maximality of B°. □ 

3.2. ^-admissible subdomains and the functor ( C)k • Let X be a A'-affinoid 
variety. Recall from [fill §9.1.4] the strong G-topology X r i g consisting of the admis¬ 
sible open subsets of X and admissible coverings, and the weak G-topology X w 
on X consisting of the affinoid subdomains of X and finite coverings by affinoid 
subdomains. 

Lemma. Let X be a K-affinoid variety and let Q be a flat 0(X)°-module. For 
every admissible open subset Y of X, define 

Xq(Y) := Q(Yfl®^o Q K - 

Then Tq is a sheaf on X r ; g . 

Proof. We know that 0° is a sheaf on X r i g by [ 141 Example 8.2.2(3)]. The functor 

A H»• A ®o(x)° Q K is left exact because Q is a flat 0(X) “-module. Therefore 

Tq is also a sheaf on X r ; g . □ 

Definition. Let X be a reduced A'-affinoid variety, and let C be an (JZ 1 _4.)-Lie 
algebra for some affine formal model A in 0(X). 

(a) We say that an affinoid subdomain Y of X is C-admissible if the pullback on 
functions /** : 0{X) —> OfY ) is ^-admissible. 

(b) For any ^-admissible affinoid subdomain Y of X, we define 

¥(£)k(Y) := U(0{Yfl®^C) ® n K. 

Note that 0{Y) <> ® J \C is an (1Z, 0(Y) <> )- Lie algebra by Lemma l2T2l so % ( C)k(Y ) 
is an associative AT-Banach algebra. 

3.3. Fibre products. 

Lemma. Let B <— A A- C A D be a diagram of reduced K-affinoid algebras with 
etale morphisms, let A be an affine formal model in A and let C be an (TZ,A)-Lie 
algebra. Let B and C be C-stable affine formal models in B and C, respectively. 

(a) C ®a C is a (' lZ,C)-Lie algebra. 

(b) t<7 is C-admissible if and only if r is C £$.4 C-admissible. 

(c) Let T> be the largest C < 8 >yi C-stable affine formal model in D. Then T> = D°. 

(d) The image of B®j\C in B®aC is an C-stable affine formal model in B®aC. 

Proof, (a) This follows from Lemma f2.21 

(b) Suppose tct is £-admissible. Choose an £-stable affine formal model V in 
D and let D" = t(C)D'. Then V is again an £-stable affine formal model in D by 
Lemma l3.11 cl. and it is a C-submodule of D via r. Hence V" is C ®a b!-stable and 
D is C (g >„4 ^-admissible. The converse is clear. 

(c) V is A-stable so V C D°. On the other hand t(C)D° is a C A-stable affine 
formal model in D so D° C t{C)D° C V. 
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(d) Let B®j\C denote the image of in B(&aC- Then the fibre product 

Spf(B) Xg p f(_ 4 ) Spf(C) in the category of admissible formal schemes is Spf(S<8>^iC) 

by definition, see [12] p. 298]. Therefore £>(is an affine formal model in B®aC 
by [12] Corollary 4.6]. It contains the £-stable subalgebra generated by the images 
of B®\ and 1 <g>C as a dense subspace, and therefore is £-stable because every K- 
linear derivation of the A'-affinoid algebra B®aC is automatically continuous. □ 

We will denote the full subcategory of X w consisting of the /^-admissible afhnoid 
subdomains by X w (£). Part (d) of the Lemma implies the following 

Corollary. Let X be a reduced K-affinoid variety, and let C be an (JZ, A)-Lie 
algebra for some affine formal model A in O(X). Then X w (£) is stable under 
finite intersections. 

We define an £-admissible covering of an /3-admissible afhnoid subdomain of X 
to be a finite covering by objects in X w {£). The Corollary now shows that X w (£) 
is a G-topology on X in the sense of m Definition 9.1.1/1]. 

It follows from the universal property of the enveloping algebras of Lie-Rinehart 

algebras and Proposition 13. If cl that C)k is a functor from X w (£) to A"-Banach 

algebras. We have thus dehned a presheaf °//(£)k on X w {£). It behaves well with 
respect to restriction, in the following sense. 

Proposition. Let X be a reduced K-affinoid variety, and let C be an (TZ,A)~ 
Lie algebra for some affine formal model A in O(X). Let Y be an C-admissible 
affinoid subdomain of X, let B be an C-stable affine formal model in 0(Y) and let 
C = B £. Then there is a natural isomorphism 

W{£)k{Z) A W{£)k{Z) 
for every £-admissible affinoid subdomain Z ofY. 

Proof. Note that £ is an (JZ, £>)-Lie algebra by part (a) of the Lemma, Z is an 
G-admissible afhnoid subdomain of X by part (b) of the Lemma, and the largest 
£'-stable affine formal model C in O(Z) coincides with 0(Z)° by part (c) of the 
Lemma. Hence C £ = 0(Z) <> £ and the result follows. □ 

3.4. Comparing two affine formal models. Let V and W be two A-Banach 
spaces. We say that a A-linear map / : V W is an isomorphism if it is bounded, 
and has a bounded A'-linear inverse. 

Proposition. Let a : A —» B be a morphism of reduced K-affinoid algebras, let 
A be an affine formal model in A and let B C B' be affine formal models in B 
containing cr(^l). 

(a) Let Q be a flat. A-module. Then there is an isomorphism of Banach B-modules 

B®jQ K BASuQ K. 

(b) Suppose that cr is etale and that A and B are reduced. Let C be a smooth 
(JZ, A)-Lie algebra, and suppose that B and B' are C-stable. Then there is an 
isomorphism of K-Banach algebras 

U(B®^£) K. 
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Proof, (a) B' is a finitely generated 6-module by Lemma [3.1 l ab so n a B' C B for 
some integer a. Since Q is flat, we obtain 6-module embeddings 

B ®aQ ^ B' <Su Q —6 <8>a Q 

7 r a 

that induce the required isomorphism B Q <8>i? K —^ B' (&a Q < 8*7 z K after 
completing and inverting 7r. 

(b) Since B C B' are £-stable affine formal models, the natural inclusion B 
C —»• B'®a£ is a homomorphism of (1Z, 6)-Lie algebras, which induces an 'fc-algebra 
homomorphism U{B <g)^ C) —> U(B' C), and a AT-algebra homomorphism 

U{B<8u£) I< ->■ U(BA8^C) ® n K 

by functoriahty. Now U(C) is a projective (hence flat) A-module by [22] Theorem 
3.1], so in view of Proposition ^. 31 this homomorphism is an isomorphism of Banach 
6-modules by part (a). Hence it is also a A-Banach algebra isomorphism. □ 

Corollary. Suppose that C is smooth. 

(a) W(C)k is isomorphic to the restriction of Fo{x) o ®aU(C) t° X w (£). 

(h) The presheaf of K-Banach algebras %(C)k on X W (C) is a sheaf. 

Proof, (a) Let Y be an ^-admissible afflnoid subdomain of X. Then 

%(C)k(Y) — 0(Y) <> 8>aU(£) <g)R K, whereas 
Fo(x)°® a u(C)(Y) = 0(Y)°® a U{C) ® n K. 

Since 0(F) 0 C 0(Y)°, we may apply the Proposition. 

(b) This follows from Lemma 13.21 and part (a). □ 

We will now prove a generalisation of Tate’s Acyclicity Theorem for (£)k- 


3.5. Theorem. Let A be a reduced A-afAnoid variety and let Q be a flat 0(X)°- 
module. Then every finite afflnoid covering U of X is J-g-acyclic. 

Proof. By El Lemma 8.2.2/2] there is a rational covering V of X which refines 
U. The restriction of Tq to an afflnoid subdomain Y of X is Tq' where Q' = 
0(Y)° <S>o(x)° Q is a flat 0(F)°-module. Therefore by jlll Corollary 8.1.4/3], it is 
enough to prove that V is J-Q-acyclic. We can therefore assume that U is already a 
rational covering, associated to a collection of functions /i,..., f n £ O(X) without 
common zero: 

U = {X lt ...,X n } where X f = X (ij -,..., fy) . 

By rescaling the fi we may assume that /, 6d:= 0(X)° for all i. 

Since X is reduced, A an admissible Til-algebra by Lemma 13. lf b). The ideal I 
in A generated by the fi contains a power of 7r since the fi have no common zero in 
O(X), so we may consider its admissible formal blowing-up / : X' —> X := Spf(A). 
By H2] Theorem 4.1], there is an open Zariski covering U' = {X {,..., Xf} of X' 
such that X, = X- rig for all i. Therefore 


o«n--n^)®uA'^o(4n--nx lp ) for all *1 <•••<** 
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by ma Corollary 4.6]. The sheaf O has vanishing higher cohomology on each 
affine Noetherian formal scheme X[ x n X' 2 D • • • fl X[ by m Theorem II.9.7] so 
H l (U', O) = H i (X’, O) by PH Exercise III.4.11] for all i. As the map / : X’ X 
is proper by construction, it follows that all cohomology groups of the augmented 
Cech complex C* := C* ug (U', O) are finitely generated A-modules by [15l Corollary 
3.4.4], 

Since each of the finitely many 7?.-algebras appearing in C * is reduced and ad¬ 
missible, it follows from Proposition 13.4( a) that 

CIJU. T q ) “ C^®2q K. 

Now C*®-rK = C* ug (U, O) by construction and this last complex is exact by Tate’s 
Theorem jTTI Theorem 8 .2.1/1]. Therefore C m has bounded 7 r-torsion cohomology, 
and the same holds for C* Q because Q is a flat A-module by assumption. 
Therefore C* Q K is exact by Lemma 12.51 □ 

Corollary. Let X be a reduced K-affinoid variety and let C be a smooth (TZ. A)-Lie 
algebra for some affine formal model A in O(X). Then every C-admissible covering 

of X is % (C)k~ acyclic. 

Proof. The 0(A)°-module Q = 0(X)° ®aU(C) is projective by (22l Theorem 3.1], 
hence flat, so the covering is J/^-acyclic. Now apply Corollarv l3.4l al. □ 


4. Exactness of localisation 

4.1. One-variable Tate extensions. Let A be a (not necessarily commutative) 
Banach A'-algebra. Then the free Tate algebra in one variable t over A is 

{ OO 

E fat e A[[t]] : a* —>• 0 as * — y oo 

i=0 

Similarly we can define M (t ) for a Banach A-module M, and it is readily checked 
that M(t) is naturally a Banach A(f)-module. 

We will soon need to understand certain torsion submodules of M(t). 

Lemma. Let f £ A. 

(a) M(t ) is ( ft— 1)-torsion-free. 

(b) If (t — /) • (^°1 0 Pm,j ) = 0 then /too = 0 and frrij = nij-i for all j A 1. 

(c) If f is central in A and M is Noetherian, then M(t) is (t — f)-torsion-free. 

Proof, (a) If (ft — 1) Ee=o V m j = 0 then too = 0 and fmj = to j+ i for all j ^ 0. 
Hence m.j = 0 for all j ^ 0 by induction. 

(b) This is a direct calculation, similar to part (a). 

(c) Since / acts by A-linear endomorphisms of M and M is Noetherian, the 
ascending chain of A-submodules 0 C ker / C ker / 2 C • • • in M must terminate at 
ker f r , say. Suppose that (t — f) ■ (Jf JZo ^ m .i ) = 0- Then fl +1 m.j = /too = 0 for 
all j ^ 0 by part (b), so rrij G ker/ J+1 = ker / r for j / r. Hence 0 = f r m,i+ r = mt 
for all i ^ 0 and = 0- □ 
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4.2. Lifting derivations from A to Alt). We begin with an elementary result. 

Lemma. Let A be a n-adically complete TZ-algebra, let u be an IZ-linear derivation 
of A and let b E Aft). Then u extends uniquely to an IZ-linear derivation v of Aft) 
such that vft) = b. 

Proof. There is a unique 7?.-linear derivation vq : A[t\ —> Aft) extending u : A ^ A 
such that v 0 (t) = b. Since A is 7 r-adically complete, so is A(t), and no : A[t] —> A(t) 
is 7 r-adically continuous, being Al-linear. Since A[t] is dense in Aft), Vo extends 
uniquely to an 7?.-linear derivation v of Aft). □ 

Proposition. Let A be an affine formal model in a reduced K-affinoid algebra A 
and let £ be an JZ, A)-Lie algebra with anchor map p : C —>• DerTj(^l). Write 
x ■ a = p(x)(a ) for x E C and a E A. Let f E A be such that C ■ f C A. Then there 
are two lifts 

ay, ay : £ -s- Der n{Aft)) 

of the action of C on A to Aft), such that 

oy (x) ft) = x ■ f and ay(:r)(t) = — t 2 (x ■ f) for all x E C. 

Proof. The 7?.-algebra A is admissible and is therefore 7 r-adically complete. By the 
Lemma, for any x E £ there is a unique 7?.-linear derivation ay ( x ) of Aft) such that 
ox (x)(t) = x ■ f. The map ay : C —>• Der 7 ^(. 4 (i)) obtained in this way is ,4-linear 
because p is ,4-linear. Let x,y £ £■, then 

ai([x,y])ft) = [x,y\ ■ f = x ■ (y ■ f) -y- (x ■ f) = (oy(a:)oy( 2 /) - a^a^x)) ft) 

so the derivation oi{[x,y]) — [a\{x),ai{y)\ is identically zero on A[t]. Since Aft) is 
7 r-adically complete and A[t] is dense in <j\ is a Lie homomorphism. 

Similarly we can construct an ,4-linear map 0^2 : C —> Der 7 j(yf(t}) extending p 
such that <72(a;)(t) = — t 2 x ■ f for all x E C. Let x, y E C and write x ■ b = <j 2 {x){b) 
for b E Aft). Then x ■ (y ■ t) = x ■ ( -t 2 (y • /)) = 2t 3 (x ■ f){y ■ f) - t 2 x ■ {y ■ /). 
Therefore a: ■ {y ■ t) — y • (x • t) = —t 2 [x, y) ■ f = [x, y] ■ t because / E A and p is a 
Lie homomorphism. Hence oy is also a Lie homomorphism. □ 

4.3. £-stable affine formal models for Weierstrass and Laurent domains. 

Let A be a reduced if-affinoid algebra, let B = Aft) for * = 1,2 and fix / E A. Let 
A be an affine formal model for A, and choose a E N such that TT a f E A. Define 

Mi = -rr a t — ir a f and u 2 := 7 r a /f — 7 r a E B := Aft). 

Let X := Sp(.A) and let C.j = B/uiB be the A'-afhnoid algebras corresponding to 
the Weierstrass and Laurent subdomains 

X 1 :=X(f) = Sp(C 1 ) and X 2 := Xfl/f) = Sp(C 2 ) 

of X, respectively. 

Let C be an ( 1Z, ^l)-Lie algebra such that C ■ f C A. Then by Proposition 14.21 
the action of £ on A lifts to B in two different ways ay and ay, and £i := B 4 £ 
becomes an (JZ,B)-lAe algebra by Lemma f2.21 with anchor map 1 ( 8 > oy. 

Lemma. Let £ be an (JZ, A)-Lie algebra and let f E A be a non-zero element such 
that £ ■ f C A. Then the affinoid subdomains X, of X are £-admissible. 
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Proof. Let Ci := B/uiB. A direct calculation shows that 

<7i(x)(ui) = 0 and <J 2 {x){u 2 ) = — (x ■ f)tu 2 for all x € £. 

It follows that UiB is a 0 *(£)-stable ideal of B , and therefore the image Ci of Ci in 
Ci is an £-stable affine formal model in C*. Hence Xj is ^-admissible. □ 


Proposition. Let C be a smooth (1Z, A)-Lie algebra and let f € A be a non-zero 
element such that £ ■ f C A. 

(a) U(Ci) / irU{Ci) is isomorphic to (U(£)/nU (£)) [f] as a B-module. 

(b) U{Ci) k is a flat. U (£) k- module on both sides. 

(c) There is a short exact sequence 

o uiCffK ^ UIAU -»• -»• 0 

of right U^C fjK -modules, and a short exact sequence 

0 UiCiU U[C~)k ->■ wijcyKiXi) 0 
of left U(Ci)K~aiodules. 


Proof, (a) By Proposition 12.31 there is a B -module isomorphism U(£i) = U(B 
C) = B ®_4 U{£). It induces B-module isomorphisms 


U{Ci) 

'kU (Ci) 


B _ U{£) 
~ttB 7 tU(C) 


k[t\ 


u{£) 

nU (£)' 


(b) The associated graded ring gr U(£i)k with respect to the 7r-adic filtration is 

k[t] grB(£)if, which is flat over gr U{£)k- Now apply [251 Proposition 1.2]. 

(c) By symmetry, it is sufficient to prove the first statement. By definition, the 
sequence 0 —> B —A 25 —> Ci —0 is exact. Tensor it on the right with the flat 
left B-module U(£i) and apply Proposition 12.31 to get a short exact sequence of 
right U(£i [-modules 0 —> U(£i) —A U{£i) —> U(Ci ® A £) —» 0. Since U{£i) is 
Noetherian, 7r-adic completion is exact on finitely generated U(£i [-modules by [TO] 

§3.2.3(ii)]. Hence 0 —> U(£i)x —A U(£i)x —> U(Ci ®a £)k —> 0 is exact. Now 
there are natural isomorphisms 


U(C t ® A C) K ^ U{Ci ® A C) K A U(Cf ® A C) K = W(C) K {Xi) 


by Lemma 12.61 and Proposition 13.4T b) . 


□ 


Remark. It follows from part (c) of the Proposition that the image off/(£)x{X) 
in % (£)k{X i) is dense since it also contains the image oft. 


4.4. Flatness for Weierstrass and Laurent embeddings. We keep the nota¬ 
tion from the previous subsection, and recall that B = A(t). 

Lemma. Let M be a finitely generated U\£)k- module. Then there is a natural 

isomorphism of Banach B-modules t}m- M(t) ■—> U{£i)x ®- -- M. 

U{C)k 

Similarly, if N is a finitely generated right U(£)k- module there is a natural 

isomorphism of Banach B-modules r]N- N{t) ——t N -- U(£i)K- 

U(C)k 
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Proof. Choose a finitely generated £/(£)-submodule AT in M which generates M 
as a Tv-vector space. Then 

UfAU M £* (uicT) m) K. 

The finitely generated U (C-j-module U(Cj) AT is 7 r-adically complete by JlU] 

U \L,) 

§3.2.3(v)] because U{Cj) is Noetherian. Therefore, for any sequence of elements 
TOj £ M tending to zero, the series ® converges to a unique element 

Vm (Ef=o ^ m i) in U(Ci)x M. Because t commutes with A, it is straight¬ 

forward to see that t]m is B-linear. It follows from Proposition 14.31 aj that 

is an isomorphism. We may now view 77 as a natural transformation between two 
right exact functors and use the Five Lemma to conclude that 77 ^ is always an 
isomorphism. The proof of the right module version is similar. □ 

Theorem. Let X be a reduced K-affinoid variety and let f £ 0(X) be non-zero. 
Let A be an affine formal model in O(X) and let C be a smooth (IZ, A)-Lie algebra 

such that C ■ f C A. Let X\ = X(f) and X 2 = X(l/f). Then (T)ic(Xj) is a flat 
fy(C) K (X)-module on both sides for i = 1 and i = 2. 

Proof. We know that Tj := U{Cj)K is a flat right 5 := U(C)k -module, and that 

fy (£,)k{X i) = Ti/ufTi as a right Tj-module by Proposition 14.31 Let M be a finitely 

generated 5-module. By Lemmas 12.71 and 14.41 to prove that Tj is a flat right 5- 

module it will be enough to show that the U-module M ( t ) is Tq-torsion-free. The 

case i = 2 follows immediately from Lemma sm a) and u± = ir a (t — /), so we just 

have to show that M(t) is (t — /)-torsion-free. 

Suppose now that the element Ey=o ^ m :i £ XI ft) is killed by t — f. Then setting 

777 ._i := 0, we have the equations frrij = rrij-i for all j ^ 0 from Lemma I4.11 bh 

and lim rrij = 0. We consider the 5-submodule IV of M generated by the mj. 
j-> 00 

Since M is Noetherian, N must be generated by mo ,..., for some d fz 0, say. 

Let AT be a finitely generated S := U (T)-submodule of M which generates M 
as a TV-vector space, and let A f := Since S is Noetherian, AT D N is 

a finitely generated 5-submodule of N which generates N as a TV-vector space, so 
the 5-modules AT fl N and M contain 7 r-power multiples of each other. So for all 
77 ^ 0 we can find j n ^ 0 such that mj £ ir n J\f for all j ^ j n , because lim nij = 0. 

j-too 

Since U (£) is generated by A + C as an 7^-algebra and [/,d + £]C£-/cd 
we see that [f,U(C)\ C U(C) and consequently [f,S] C 5. Because 

d d 

f y ' s j m j = Ei/. Sj]m.j + Sjmj-i £ JV for all so,... ,Sd £ S 
j'=o i=0 

we see that f l J\f C J\f for all i ^ 0. Therefore for any j, n ^ 0 we have 
m 3 = f’’"" rn j+jn S Tr n Af C n n J\f. 

Hence rrij £ P|^L 0 ^AT = 0 for all j ^ 0 and Ei^o m j = 0, so Tj is a flat right 
5-module as claimed. The same argument for finitely generated right 5-modules 
M also shows that Tj is a flat left 5-module. □ 
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4.5. ^-accessible rational subdomains. 

Until the end of Section |4] we will fix the following notation. 

• X is a reduced iv-afhnoid variety, 

• A is an affine formal model in O(X), 

• £ is a coherent (1Z, A)-Lie algebra, 

. s-wj^K. 

We would like to prove that every £-admissible etale morphism of affinoids Y —> X 
has the property that 5(U) is a flat right and left <S(X)-module. Unfortunately we 
cannot do this at the moment and we introduce a new notion, that of £- accessibility, 
as a consequence of this. 

Definition, (a) Let Y C X be a rational subdomain. If it is the identity map, we 
say that it is C-accessible in 0 steps. Inductively, if n ^ 1 then we say that it 
is C-accessible in n steps if there exists a chain Y C Z C X, such that 

• Z —> X is £-accessible in (n — 1) steps, 

• Y = Z(f) or Z(l/f) for some non-zero / £ O(Z), 

• there is an £-stable affine formal model C C O(Z) such that £ • / C C. 

(b) A rational subdomain Y C X is said to be C-accessible if it is £-accessible in 

n steps for some n £ N. 

Proposition. Let Y G X be an C-accessible rational subdomain. Then it is C- 
admissible, and S(Y) is a flat. S{X)-module on both sides whenever C is smooth. 

Proof. Assume that Y C X is £-accessible in n steps, and proceed by induction 
on n. The statement is vacuous when n = 0, so assume n ^ 1. Choose a chain 
Y G Z C X where Z —> X is £-accessible in n — 1 steps, assume that Y = Z(f) 
or Z(l/f) for some non-zero / £ O(Z) and let C C O(Z) be an £-stable affine 
formal model such that £ • / C C. Then £' := C £ is an (I?, C)-Lie algebra and 
£' • / C C, so Y C Z is £'-admissible by Lemma 14.31 Since Z C A is £-admissible 
by induction, Y C X is also £-admissible by Lemma I3.3l bh 

Now suppose that £ is smooth. Then £' is also smooth, so W(C')k(Y) is a flat 
(C')k{Z )~module on both sides by Theorem l4.4l and Proposition l3.3l tells us that 

C')k{Y ) = S(Y) and fZ(C') k(Z) = S(Z). Since S{Z) is a flat <S(X)-module 
on both sides by induction, S(Y) is also a flat 5(A)-module on both sides. □ 


4.6. Proposition. Let Y be a rational subdomain of X which is £-accessible in n 
steps. 

(a) Let U be an £-admissible affinoid subdomain of X, and let B be an £-stable 
affine formal model in U. Then U PI Y is a rational subdomain of U which is 
£' := B <g)_^v £-accessible in n steps. 

(b) Let B be an £-stable affine formal model in 0(Y), and let Z be a rational 
subdomain of Y which is £' := B £-accessible in m steps. Then Z is a 
rational subdomain of X which is £-accessible in (n + m) steps. 
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Proof, (a) Proceed by induction on n, and suppose that n ^ 1 as the case when 
n = 0 is trivial. We have a commutative pullback diagram 

Y -- Z -- X 


u n y —unz - u 

where Z —>• X is ^-accessible in (n — 1) steps, Y = Z(f) or Z(l/f) for some 
/ G O(Z) and C ■ f C C for some £-stable affine formal model C in O(Z). Let 
g = 1 Cg> / be the image of / in 0(U n Z). Then XJ fl Z —> U is ^'-accessible 
in (n — l)-steps by induction, U fl Y is either (U PI Z)(g) or {U fl Z)(l/g), and 
£'-jC B®aC which is an ^-stable affine formal model in 0{U fl Z) by the proof 
of Lemma 13. 3f dh Therefore U fl Y —>• C/ is ^-accessible in n steps. 

(b) Proceed by induction on m, and assume that to ^ 1 as the case when to = 0 
is trivial. Choose Z —> W —» Y with W —> Y being ^'-accessible in (to — 1) steps, 
and Z = W(f) or W(l/f) for some / e 0(W), and £ ■ f C C for some £-stable 
affine formal model C in 0(W). Then W —> X is ^-accessible in n + m — 1 steps 
by induction, and C ■ f C C, so Z —»• X is ^-accessible in n + to steps. □ 

Corollary. Let Y —> X and U —>• X be two C-accessible rational subdomains. Then 
U (1Y —>• X is also an C-accessible rational subdomain. 

Proof. Choose an £-stable affine formal model B in 0(U). By part (a) of the 
Proposition, U fl Y -A U is a rational subdomain which is £ := B ^-accessible. 
Since U —> X is also ^-accessible, part (b) of the Proposition (applied to U fl Y —> U ) 
gives that U fl Y is an ^-accessible rational subdomain in X. □ 

4.7. /2-accessible afflnoid subdomains. Recall that by the Gerritzen-Grauert 
Theorem IH Theorem 4.10.4], every afhnoid subdomain Y of an af&noid Lf-variety 
X is actually the union of finitely many rational subdomains in X . In view of this 
fact, we make the following 

Definition. 

(a) An afhnoid subdomain Y of X is said to be C-accessible if it is ^-admissible 
and there exists a finite covering Y = U /=i Xj where each Xj is an ^-accessible 
rational subdomain of A'. 

(b) A finite afhnoid covering {Xj} of X is said to be C-accessible if each Xj is an 
^-accessible afhnoid subdomain of X. 

It follows from Proposition 14.51 that every ^-accessible rational subdomain is 
^-admissible, and is therefore also an ^-accessible afhnoid subdomain. 

Lemma, (a) The intersection of finitely many C-accessible affinoid subdomains is 
again an C-accessible affinoid subdomain. 

(b) If Z C Y are C-accessible affinoid subdomains of X and B is an C-stable affine 
formal model in (D(Y), then Z is an £ := B® a C-accessible affinoid subdomain 

of Y . 

Proof, (a) This follows from Corollary 14. 61 together with Corollary 13.31 

(b) Let {Zi,..., Z n j be a covering of Z by ^-accessible rational subdomains of 
X. By Proposition 14. 6f ah each Z. L is an ^'-accessible rational subdomain of Y . □ 
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4.8. Theorem. Suppose that C is smooth. 

(a) Let F C X be an ^-accessible affinoid subdomain. 

Then 5(F) is a flat 5 (X )-module on both sides. 

(b) Let X = {Xi, ..., X m } be an ^-accessible covering of X. 

Then S(Xj) is a faithfully flat 5(X)-module on both sides. 

Proof, (a) By definition, there is a finite covering V = {Xi, .. . , X rn } of Y by in¬ 
accessible rational subdomains Xj. Every finite intersection of these subdomains 
is T-accessible by Lemma [4.7l ah so every ring appearing in G*(V, 5) is flat as a 
5(X)-module on both sides by Proposition 14.51 

The augmented Cecil complex G* ug (V,5) is acyclic by Corollary 13.51 A long 
exact sequence of Tor groups shows that the kernel of a surjection between two flat 
modules is again flat. By an induction starting with the last term, the kernel of 
every differential in this complex is a flat 5(X)-module on both sides. In particular, 
S(Y) is flat as 5(X)-module on both sides. 

(b) By part (a), 5(Xj) is a flat right 5(X)-module. By Lemma l4.7l a) and 

part (a), each term in the complex C* ug (X,5) is a flat right 5(X)-module. Since 
it is acyclic by Corollary 13.51 we may view it as a flat resolution of the zero module. 
Let N be a left 5(X)-module. By [29] Lemma 3.2.8], C* ug (X, 5) ®s(x) N computes 
Torf ^(0, N) and is therefore acyclic. So N embeds into ®”L 1 iS(A J -) g >s(x) N and 
hence ®JL 1 S(Xj) is a faithfully flat right 5 (X )-module. The same proof shows 
that it is also a faithfully flat left 5(X)-module. □ 

5. Kiehl’s Theorem for coherent ^(£)x-modules 

In this section we will make the following standing assumptions: 

• X is a reduced AT-affinoid variety, 

• A is an affine formal model in 0(X), 

• C is a smooth ( 1Z , A)-Lie algebra, 

. 5 := W\L)k. 

It follows from Lemma I4.7l al that the £-accessible affinoid subdomains of A' to¬ 
gether with the ^-accessible coverings form a G-topology on X. We will denote this 
G-topology by X ac (C). Thus we have at our disposal four different G-topologies on 
A, represented on the level of objects as follows: 

X ac (C) C X w (£) C X w C X rig . 

5.1. Localisation. Suppose that Y is an /^-admissible affinoid subdomain of X. 
For every finitely generated S{X )-module M, we can define a presheaf of 5-modules 
Loc(M) on X w (jO) by setting 

Loc(M)(F) := 5(F) ® s{x) M. 

Similarly, for every finitely generated right 5(X)-module M, we can define a presheaf 
of right 5-modules Loc(M) on X w (£) by setting 

Loc(M)(F) :=M® S(X) 5(F). 

We will frequently use the fact that S(Z) is a flat 5(F)-module on both sides 
whenever Z C F is an inclusion of T-accessible affinoids of X — this follows from 
Theorem I4.8l a) . 
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Proposition. Loc is a full exact embedding of abelian categories from the cate¬ 
gory of finitely generated S{X)-modules (respectively, right S{X)-modules) to the 
category of sheaves of 5 -modules (respectively, right S-modules) on X ac {£) with 
vanishing higher Cech cohomology groups. 

Proof. First we prove that if M is any finitely generated 5(X)-module then every 
X ac (£)-covering U = {U \,..., U n } of every //-accessible affinoid subdomain Y of 
X is Loc(Af)-acyclic. In particular this will demonstrate that Loc(M) is a sheaf on 
X ac {C) with vanishing higher Cech cohomology groups. 

Let B be an /1-stable affine formal model in Y and let £' = B L. By Lemma 
I4.7l bl we can view U as a covering of Y in Y ac (C). Then U is 5-acyclic by Corollary 

m But every term m the Cech complex (Id , 5 j is a flat right 5(1 ) — 1" (£ j // 

module by Theorem 14. Sl ab Therefore 

C* ug (W,Loc(M)) S C: ug (U,S) ® S (Y) Loc (M)(Y) 

is also acyclic as claimed. Now suppose that /: M —> N is a morphism of finitely 
generated 5(X)-modules. By the universal property of tensor product, for each Y 
in X ac (£) there is a unique morphism of 5(F)-modules Loc (M)(Y) —>• Loc(X)(F) 
making the diagram 

M - N 


S{Y) ®s(x ) M -> S(y ) ®s(x) N 

commute. It is now easy to see that Loc is a full functor as claimed. 

Finally, suppose that 0 —> Mi —>• M 2 —> M 3 —> 0 is an exact sequence of 
finitely generated 5(X)-modules. Since <S(Y) is a flat right <S(X)-module for each 
Y £ X ac (£), each sequence 

0 -s- Loc(Mi)(Y) -s- Loc(M 2 )(Y) Loc(M 3 )(Y) 0 

is exact. This suffices to see that Loc is exact. 

The case of right modules is almost identical. □ 

5.2. //-coherent modules. Following [TT1 §9.4.3], we say that an 5-module M is 
coherent if there is an X oc (£)-covering U = {U \,..., U n } of X such that, for each 
1 ^ ^ n, A4\it, may be presented by an exact sequence of the form 

S r k M Wi ->0. 

Using Proposition 15.11 we note that in this situation, if we choose //-stable affine 
formal models Bi in Ui and write £i = Bi (g >.4 £, we may view the morphism 
S r \ui —> S s \jji as Loc(/j) for some 5(17i)-linear map /j: S(Ui) r — > S(Ui) s . Writing 
Mi for the cokernel of fi and applying Proposition 15.11 again we see that there is 
an isomorphism = Loc (Mi) as <S| [/.-modules since both arise as the cokernel 

of Loc(/i). 

Since each ring S(Ui) is left Noetherian and so every finitely generated S(Ui)- 
module is finitely presented, it follows from the discussion above that an 5-module 
A4 is coherent precisely if there is an X ac (£)-covering {U\,... ,U n } of X such that, 
for each 1 i n, is isomorphic to Loc(M[) for some finitely generated 

5(t/j)-module Mj. 
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Definition. Given an X ac (£)-covering U = {U \,..., U n } of X, we say that an 
5-module (respectively, right 5-module) At is U-coherent if for each 1 ^ i ^ n 
there is a finitely generated 5(f7j)-module (respectively, right 5([/^-module) Mj 
such that M\ui is isomorphic to Loc (Mf) as a sheaf of 5|{/ t -modules (respectively, 
right 51^-modules). 

Proposition. LetU be an admissible covering of X, and suppose that a: M —» Af 
is a morphism of U-coherent left or right S-modules. Then kera, coker a and Ima 
are each U-coherent. 

Proof. We compute using Proposition 15.11 that (kera)|[/ 4 = Loc(ker a(Ui)), that 
(coker a)\u t — Loc(cokera(17i)) and that Imaj^ = Loc(Im a ([/,)). □ 

5.3. Coverings of the form X = X (/) U X(l //). We generalise some technical 
results from [14j §4.5] to our non-commutative setting. This involves making ap¬ 
propriate changes to the material presented in |14] §4.5], but we repeat these proofs 
here nevertheless. Note that it is incorrectly asserted in the proof of m Lemma 
4.5.4] that s 2 has dense image; in fact it is the map Si that has dense image. 

First, we suppose that / € O(X) is such that C ■ f C A. Then 

X i: =X(f), X 2 :=X(1 //) and X 3 := X(f) n X(l/f) 

are all ^-accessible. We write Si: S(Xi ) —>• 5(X 3 ) for the canonical restriction maps 
(i = 1,2). We define the norm \\M\\ of a matrix M with entries in a I\ -Banach 
algebra to be the supremum of the norms of the entries of M. 

Lemma. There is a constant c > 0 such that every matrix M £ M„(5(X 3 )) with 
|| M — 7|| < c can be written as a product M = si(Qi) -1 ■ s 2 (Q 2 ) 1 for some 
Qi £ GL n (S(Xi)). 

Proof. By Corollary [33] the bounded A'-linear map 

si -S2 : 5(^0© 5(X 2 ) ^5(A 3 ) 

is surjective. So, by Banach’s Open Mapping Theorem there is a constant 0 < d < 1 
such that if N is any nxn matrix with entries in 5(X 3 ) we can find Ni £ M n (S(X i)) 
and N 2 £ M n (S(X 2 )) such that 

7V = s 1 (7V 1 )-s 2 (7V 2 ) and d - sup(||iVi11,11JV 2 ||) < ||iV||. 

We define c := d 3 . Suppose now that M £ GL n (5(X 3 )) satisfies || M — J|| < c and 
let A\ = M — I. We can then find Bu £ M n (S(Xi )) of norm at most d 2 such that 
A\ = Si (An) + s 2 (Ai 2 ). Then 

A 2 := (J-si(Ah))(J + Ai)(/-s 2 (Ai 2 ))-7 

= si(f?n)s 2 (f?i 2 ) - si(An)Ai - Ais 2 (A i2 ) - si(An) • A x ■ s 2 (B 12 ) 

is a matrix with coefficients in 0(X 3 ) and has norm at most d 4 . 

Inductively, we can find sequences A m , B m i, B m2 of matrices with coefficients in 
5(A 3 ),5(Xi), S(X 2 ) and norms bounded by d m+1 ,d m and d m respectively such 
that A m = Si(B ml ) + s 2 (B m2 ) and 

A m - i-i := (I — si(A m i))(/ + A m )(I — s 2 (B m2 )) — I. 

Because d m —> 0 as m —>• oo, the limit 

Qi := lim (1 - B mi ) ■••(!- B u ) 
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exists in M n (S(Xi)) and Qi £ GL n (S(Xi)) for i = 1,2. By construction, 

si(Qi) ■ M ■ s 2 (Q 2 ) = I 

so M = si(Qi ) -1 • S 2 (Q 2) _1 as claimed. □ 

5.4. Theorem. Suppose that A f is an {Xi, X 2 }-coherent sheaf of tS-modules. Then 
the canonical 5(Xj)-linear maps <S(X,) ®s(x) Af(X) —> AfiX-f) are surjective for 
i = 1 and i = 2 . 

Similarly, if Af is an {X 1; X 2 }-coherent sheaf of right <S-modules, then the canon¬ 
ical <S(X,;)-linear maps Af{X) ®s(x) <S(Xi) —>• Af(Xi) are surjective for i = 1 and 
i = 2. 

Proof. We first deal with the case of left iS-modules. Let us identify Af(X 3 ) with 
<S(X 3 ) ®s(x 1 ) Af(Xi) and with S(X 3 ) ®s(x 2 ) Af{X 2 ). Suppose that ai,..., a n gen¬ 
erate Af{X\) as a <S(Xi)-module and bi ,..., b n generate Af(X 2 ) as a iS(X 2 )-module. 
Then the sets {1 0 ai,..., 1 0 a„} and {1 <g> 61 ,..., 1 <g) b„} each generate Af(X 3 ) as 
a <S(X 3 )-module. 

Consider Af(X 3 ) n as a left module over the n x n matrix ring M n {S{X 3 )) and 
let a,be Af(X 3 ) n be the column vectors whose jth entries are 1 0 a,j and 1 0 bj , 
respectively. Then we may find non-zero U, V £ M n (S(X 3 )) such that 

a = U b and b = Fa. 

Let c denote the constant from Lemma 15751 Since the image of sy : *S(X!) —> <S(X 3 ) 
is dense by Remark 14.31 we can find V' £ M n (S(X 1 )) such that 

\\ Sl (V')-V\\<c/\\U\\. 

Therefore ||(si(F') — V)U\\ < c, and by Lemma 15.31 we can find Qi £ GL„(<S(Xj)) 
for * = 1,2 such that 

/+ ( Sl (F') - V)U = s 1 (Q 1 )- 1 s 2 (Q 2 )~ 1 . 

Applying this matrix identity to the vector b £ Af(X 3 ) n we obtain 

si(QiV')a = s 2 (Q^ 1 ) b. 

Writing a- = £)" = i(QiF%-aj G Af{X 1 ) and b\ = X]"=i(Q 2 e Af{X 2 ), we see 
that 1 0 a'i = 1 0 b[ in Af(X 3 ) for each i = 1 ,,n. Since Af is a sheaf, we can 
find elements d\,...,d n £ Af(X) such that the image of dj in Af{X 1 ) is a' and the 
image of di in Af(X 2 ) is b[ for each i = 1,..., n. Since the matrix Qf 1 is invertible, 
the elements b[, ■ ■ ■ ,b' n generate Af(X 2 ) as an iS(X 2 )-module. Therefore the map 
S(X 2 ) <8>s(x) Af(X) —»• Af(X 2 ) is surjective. 

Now consider an arbitrary element v £ Af(X - t ). Since 1 0 b [,..., 1 0 b' n generate 
AT(X 3 ) as a <S(X 3 )-module we can write 1 ®d = z i ® K f° r some z i G S(X 3 ). 
The surjectivity of <S(Xi) 0 S(X 2 ) —»• <S(X 3 ) means that we can find Xi £ S(X±) 
and yi £ <S(X 2 ) such that Zi = s±(xi ) + s 2 (yi ) for each i = 1,... ,n. Therefore 

n n n n 

1 0 (v - = 1 ® V - ^2 s i( x i) ® a i = ^2 s 2(yi) ® K = 1 ® yjbj 

2 = 1 2=1 2=1 2=1 

inside Af(X 3 ), because 1 0 a[ = 1 0 b[ for all i. Since Af is a sheaf, there is an 
element w £ Af(X) whose image in Af(Xi) is v — 1 x % a i and whose image in 

Af(X 2 ) is 'ff j-i yib[. In particular, v is the image of 1 0 w + 1 x i ® under the 

map <S(Xi) ®s(X) Af(X) Af(X 1 ). Therefore this map is also surjective. 
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In the case of right 5-modules, again we can find a generating set {ai,. 
for N(X-[) as a right 5(A'i)-module, and a generating set {bi ,..., b n } for Af(X 2 ) 
as a right 5(A 2 )-module. Then {ai ® 1,..., a n ® 1} and {&i (g> 1, ® 1} each 

generate Af(X 3 ) as a right 5(A 3 )-module. We consider Af(X 3 ) n as a right module 
over the n x n matrix ring M n (S(X 3 )) and let a, b £ Af{X 3 ) n be the row vectors 
whose ;th entries are a,j ® 1 and bj ® 1, respectively. Then we may find non-zero 
U, V £ M n (S(X 3 )) such that a = b U and b = aV. Choose V' £ M„(5(A 1 )) 
as above satisfying ||f7(si(I/') — V')|| < c, and let T := U(si(V') — V). Then 
||(/ + T ) _1 — J|| < c also, so by Lemma [5.31 we can find Qi £ GL n (5(Aj)) for 
i = 1, 2 such that (/+T ) _1 = Si(Qi) _ 1 S 2 (Q 2 ) _1 - Hence I+T = S 2 (Q 2 )si(Qi), and 
applying this matrix identity to the vector b £ Af(X 3 ) n we obtain asifV'Qf 1 ) = 
bs 2 (Q 2 )- Therefore the elements 6 ' := G Af{X 2 ) extend to global 

sections of Af and generate A f(X 2 ) as a right 5 (A 2 )-module because the matrix Q 2 is 
invertible. Thus Af{X)<S>s(x) S(X 2 ) —> S(Xi) is surjective, and the same argument 
as in the case of left modules now shows that Af(X) ®s(X) <S(Ai) Af(Xi) is also 
surjective. □ 

Corollary. If Af is an {X(f),X(l//)}-coherent sheaf of S-modules then there is 
a finitely generated S(X)-module N such that Loc(fV) = Af. A similar statement 
holds for an {X(f), X(l//)}-coherent sheaf of right S-modules. 

Proof. By symmetry, it will suffice to treat the case of left 5-modules. As be¬ 
fore write Xi = X(f) and X 2 = A'(l//). By the Theorem, the natural maps 
S(Xi) ®s(X) Af{X) —>■ Af{Xi) are surjective for i = 1,2. Since Af(Xi) is a Noether- 
ian 5(A.()-module, we can find a finitely generated <S(X)-submodule M of Af(X) 
such that S(Xi) ®s(x) M —>• Af(Xi) is surjective for i = 1,2. Thus the natural map 
a: Loc(M) —> Af is surjective since its restrictions to A'i and A 2 are both surjective. 
Since Loc(M) and Af are both {A'i, A 2 }-coherent, kero is also {X 3 , A 2 }-coherent 
by Proposition 15.21 so we may find a finitely generated 5(A)-submodule M' of 
(kero)(A) such that Loc(M') —> kero is surjective. Thus Af is isomorphic to the 
cokernel of Loc(M') —>• Loc(Af). Since Loc is full, this cokernel is isomorphic to 
Loc(coker(AL / —> M )) and we are done. □ 

Here is our non-commutative version of Kiehl’s Theorem for sheaves of 5-modules 
and £-accessible Laurent coverings. 

5.5. Theorem. Suppose that / 1 ,..., /„ £ O(X) are such that C ■ fi C A for each 
i = 1,... ,n. Let U be the Laurent covering {A'(/“ 1 ,..., /“") | a, £ {±1}}. Then U 
is £-accessible and every ^/-coherent sheaf Ai of left (respectively, right) 5-modules 
on A qc (£) is isomorphic to Loc(M) for some finitely generated left (respectively, 
right) 5(A)-module M. 

Proof. The £-accessibility of U follows from Corollary 14.61 By symmetry, it is 
sufficient to treat the case of left 5-modules. We proceed by induction on n, the 
case n = 1 being Corollary 15.41 

Suppose that n > 1, and that for every family (A, A , £) satisfying our standing 
hypotheses, the result is known for all smaller values of n. Suppose also that 
fi...., f n £ 0(A) satisfy the hypotheses of the Proposition and that Ai is Id- 
coherent. 

Consider the cover V := {A(/„)(/“ 1 ,..., /“"J | a* £ {±1}} of A(/„). Let B be 
an £-stable affine formal model for A(/„); then Cl = B®j^C is a smooth ( X , £>)-Lie 
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algebra. Now £' ■ fi C B for all i < n, and since A4\v is V-coherent the induction 
hypothesis gives that _A4| x(f n ) is isomorphic to Loc(Mi) for some finitely generated 
S(X (/ n ))-module Mi. 

Using an identical argument for X(1 /f n ), .M-\x(i/f n ) is isomorphic to Loc(M 2 ) 
for some finitely generated 5(A'(l// rt ))-module M 2 . Applying Corollary 15.41 again 
completes the proof. □ 

6. FRECHET-STEIN ENVELOPING ALGEBRAS 

We assume throughout Section |6] that A is a reduced AT-affinoid algebra and that 
L is a coherent (A', A)-Lie algebra. 

6.1. Lie lattices. 

Definition. Let A be an affine formal model in A and let £ C L be an A- 
submodule. 

(a) £ is an A-lattice if it is finitely generated as an A-module, and K£ = L. 

(b) £ is a A-Lie lattice if in addition it is a sub (7 Z, A)-Lie algebra of L. 

Lemma. Let £ be an A-lattice in L. 

(a) If £ is an A-Lie lattice then 7r"£ is also an A-Lie lattice for all n ^ 0. 

(b) If B is another affine formal model in A then there is n ^ 0 such that 

n m £-BcB for all rn > n. 

(c) There is 0 such that n m £ is an A-Lie lattice in L for all to ^ n. 

Proof, (a) This is clear. 

(b) Let Xi,... ,Xd generate £ as an A-module, and let p : L —> Der k(A) be the 
anchor map. The derivation p(xi): A —> A is bounded for each i = 1,..., d — see 
the discussion in Section m So there is mi ^ 0 such that 7r mi p{xi)(B) C B. By 
Lemma [XT1 we can find t ^ 0 such that 7 A A C B. Let n = t + maxmi and suppose 
that to ^ n. Then 

d 

n m £ -BcJ^^A tt m 'p( Xi )(B) C B. 

i= 1 

(c) Since L is a (K,A )-Lie algebra generated by x±,..., Xd as an A-module, there 
are a.A G A such that [x t , X j\ = Y^l=i a ij x k for 1 ^ hj ^ d. Since A = K ■ A. there 
is s ^ 0 such that 7 r s a* g A for all i,j and k. Then for in ^ s we can compute 

d 

[ir m x i ,n m x j ] £^7r 2m a^ fc € n m £ 
fe =1 

and hence 7 r m £ is an A-Lie algebra for to ^ s. Using part (b), we can find s' ^ 0 
such that 7 r m £ • A C A for all m ^ s'. Now take n = max{s, s'}. □ 

6.2. Frechet completions of enveloping algebras. Let A be an affine formal 
model in A, and let £ be an A-Lie lattice in L. We define 

U(L)a,c := 1;™ U(TT n £) K . 

Being a countable inverse limit of AT-Banach algebras, U(L) A c is a Frechet algebra. 
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Lemma. Let A be an affine formal model in A and let C \, £2 be two A-Lie lattices 
in L. Then there is a unique continuous K-algebra isomorphism 

u(l)a.c 2 

which restricts to the identity map on U(L). 

Proof. Since £1 fl £2 is again an .4-Lie lattice in L, we may assume without loss of 
generality that C\ C £ 2 - The universal property of U{— ) induces A'-Banach algebra 

homomorphisms C/(7 t"£ 1 )^ — > [/(7r"£ 2 )ic for each n Ts 0 and hence a continuous 
li-algebra homomorphism 

Because £1 and £2 are .4-lattices in L, we can find an integer s such that 7r s £2 C C\. 

This gives AT-Banach algebra homomorphisms U(TT n+s C 2 )K —> U{G n B 1 ) K for each 
n ^ 0 and hence a continuous AT-algebra homomorphism 

It is easy to see that a and /? are mutually inverse. □ 

Thus U (£)_4 £ is independent of the choice of £ up to unique isomorphism, and 
we write U(L) A to denote any of these Frechet algebra completions of U{L). 

Proposition. Let A and B be two affine formal models in A. Then there is a 
unique continuous isomorphism 



which restricts to the identity map on U(L). 


Proof. Choose an .4-Lie lattice £ and a £>-Lie lattice J in L. Since K ■ A = K ■ B = 
A , we can an integer r such that n r ■ A G B. Similarly we can find an integer s 

such that 77 s • £ C J. _ 

Let x\,Xd generate £ as an .4-module, and let T be the image oiU(J') inside 
U(J)k- The universal property of U(-) induces an A.-algebra homomorphism 
9 0 : U(tt s C) -A U(J) K . Now U( 7t s £) is generated as an .4-module by the set 

Since 9q sends all these elements to T and since A C 7r~ r B, we see that the image 
of 9 0 is contained in n~ r T. Hence 9 0 extends to a A"-algebra homomorphism 

0 O : mj^K -»• U{J)k. 

Applying the same argument to 7r s+ ” • £ C 7 T n J for each n ^ 0, we obtain a 
compatible sequence of AT-algebra homomorphisms 

9 n : -A U{^J)k 

and hence a continuous AT-algebra homomorphism 


9. 4, B :=\^9 n -.U{L) A ^U{L) B 
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which restricts to the identity map on 17(A). Since B^.a 0 Ba.b is the identity map 


on the dense image of 17(A) inside U(L) A , it must be equal to id 
Ba.b ° Bb.a = id 


U{L) j 


U{L). 


Similarly 

□ 


Definition. Let A be a reduced iL-affinoid algebra and let A be a ( K , 4)-Lie algebra 
which is finitely generated as an .4-module. The Frechet completion of 17(A) is 

U{L) := U{L) a = ^ U(t^Pk 

for any choice of affine formal model A in A and .4,-Lie lattice £ in A. 

The above Lemma and Proposition ensure that this definition does not depend 
on the choice of A or £, up to unique isomorphism. 

6.3. Functoriality. Whenever a : A —> B is an etale morphism of affinoid alge¬ 
bras, there is a Lie homomorphism if : Der/f(4) -A Der k{B) by Lemma [2.41 and 
we may view B 0 a A as a ( K , A?)-Lie algebra by Corollary 12.41 

Proposition. Let a : A -A B be an etale morphism of reduced K-affinoid algebras, 
and let tp : L -A L' be a morphism of (AT, A)-Lie algebras. Then there are unique 
continuous K-algebra homomorphisms 

(a) U(L) —+U(B 0 )a L) extending the natural map U(L) -A U(B 0 a A), and 

(b) U(L) -A U(L') extending the natural map U(L) —> U(L'). 

Proof. We will construct an 4°-Lie lattice C in L and a B°- Lie lattice J in B <g >a L 
(respectively, an 4°-Lie lattice J in L') such that (a (g) 1)(£) C J (respectively, 
<£>(£) C J). Then the universal property of U{— ) induces continuous A'-algebra 
homomorphisms 

U(TT m £)K ~> U(Tt m J)K 

for all to ^ 0, and passing to the inverse limit gives the required map U(L) — »• 
U(B <g L) (respectively, U(L) —> U(L')). In each case uniqueness follows from the 
density of the image of U(L) in U(L). 

(a) Choose an 4°-Lie lattice C in L and let J be the image of B° (gi^o C in 
B <g )a L. Then J is a i?°-lattice in B 0a L so by Lemma 16. li b). 7 x n J is a B°- Lie 
lattice in B 0a L for some n ^ 0, and (a 0 1)(7t”£) C TT n J. 

(b) Let J be an 4°-Lie lattice in £'. Then </J _1 ( l 7) generates L as a A'-vector 

space and hence contains an 4°-lattice in L. By Lemma [6. If cl. 1 (££) contains 
an 4°-Lie lattice £ in L and <p(C) C J. □ 

6.4. Frechet-Stein algebras. Following [25( §3] we say that a Af-algebra U is 
Frechet-Stein if 

• there is a tower 17o t— U\ •<— U 2 <— ■ • • of Noetherian AT-Banach algebras, 

• U n is a flat right 17 n +i-module for all n ^ 0, 

• U = lim U n . 

This definition is designed with a view towards categories of left modules. Because 
we will also need to work with right modules in the future, we make this definition 
more precise by saying that U is left Frechet-Stein. If there is a tower Uo4—U\4— 
U 2 4— ■ of Noetherian A'-Banach algebras such that U = ^im U n and each U n is 

a flat left t/ n +i-module for all n ^ 0, then we say that U is right Frechet-Stein. If 
both conditions are satisfied, then we say that U is two-sided Frechet-Stein. 



•D-MODULES ON RIGID ANALYTIC SPACES I 


29 


Theorem. Let A be a reduced K-affinoid algebra and let L be a coherent ( K,A)- 
Lie algebra. Suppose L has a smooth A-Lie lattice C for some affine formal model 
A in O(X). Then U(L) is a two-sided Frechet-Stein algebra. 

We start preparing for the proof of this Theorem, which is given below in Section 
16.61 Recall [H §3.5] that a positively filtered 711-algebra U is said to be deformable 
if gr U is flat over 1Z. Its n-th deformation is by definition its subring 

U n := Y, K m FiU. 

i^O 

It follows from [lj Lemma 3.5] that U n is again a deformable 1Z- algebra, whose 
filtration is given by 

0 

FjU n = U n nF j U = Y K m FiU. 

i—0 

We begin by recording some useful general facts on deformable algebras. 

Lemma. Let U be a deformable TZ-algebra. Then 

(a) Ui fl 7 t*{7 = J2i^t Tf l FiU for any t ^ 0. 

(b) (U n ) m is equal to U m+n for any n,m ^ 0. 

Proof, (a) The TZ- module U/F t U is a direct limit of iterated extensions of 7Z- 
modules of the form gr^- U, each of which is flat by assumption. Hence U/F t U 
has no R-torsion and consequently F t U 0 7t*{7 = 7 TFJJ. Since Yli>t 71-1 FU C ^U, 

Ui n n l u c ( F t u + Y * ip i u ) n tt 4 !/ c (F t u n 7T *u) + Y 1x1 FiU = Y niFiU 

\ i>t / i>t i^t 

by the modular law, and the reverse inclusion is clear. 

' (b) (U n ) m = Etc * in FiU = £ i>0 (Em ^ m+m n)FU = u n+m . □ 

6.5. The subspace filtration on U\. We will need to study the subspace filtration 
on Ui induced from the 7r-adic filtration on U in detail. 

Lemma. Let U be a deformable TZ-algebra such that gr U is commutative. Suppose 
that giU is generated by the symbols of the elements X \,... ,x m £ U as an algebra 
over gr 0 U. Let rj = deg Xj. Then 

FiU = F 0 U • |a;” 1 • • • xfff \ Y a :i r :i ^ *} 

for each i > 0. 

Proof. It is sufficient to prove that FiU is contained in the right hand side, the 
reverse inclusion being clear. We proceed by induction on i , the case 7 = 0 being 
trivial. For every z £ FiU, the image of 2 in gr i U is a gr 0 [/-linear combination of 
monomials in the symbols of the aq’s by our assumption. Hence for each a £ 
such that a j r j = * we can find £ gr 0 U = FqU such that 

z~Y e F- iU - 

The result follows immediately by applying the inductive hypothesis. □ 
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Proposition. Let U be a deformable IZ-algebra such that giU is a commutative 
Noetherian graded ring, and let I := U\C\ nU. Then the subspace filtration on U\ 
arising from the n-adic filtration on U and the I-adic filtration on U\ are topologi¬ 
cally equivalent. 

Proof. Because gr U is commutative and Noetherian, there are elements ari,..., x m 
in U whose symbols generate gr U as an algebra over gr 0 t/ by (4j Proposition 10.7]. 
We may assume that each rj := degXj is positive; then 

7r £ I and 7T rj Xj £ I for all j ^ 1. 

Let ro := 1; it follows from the Lemma that n l FflJ is generated as an Fq [/-module 
by all possible elements of the form 

(ir r °) ao (Tr r 'x 1 r---(Tr r ’ n x m ) a ™ 

where ctj £ N for all j = 0,..., m and ^”1 0 a.j' 1 'j = i. If the integer t is given and 
i ^ tmaxrj, then (Y^JLo a j) ma xrj ^ Y^j=o a i r j = * ^ imaxrj, so 

(n r °) ao (n ri xi) ai • • • (n r ™x m ) am £ J* 

because tt £ I and n Tj x 3 £ I for all j ^ 1. Therefore by Lemma 16.di al we have 
Hi n 7r* maxr ^ U = ^FiU C 7* C U x n tt‘ 17 for all t ^ 0 

i^t max rj 

because I is an F 0 U -submodule of U. □ 

6.6. 7r-adic completions. Recall that if U is a deformable 77-algebra, then U n := 
\^m.U n /TT a U n denotes the 7r-adic completion of U n and that 

U n ,K ■= K U n 

may be equipped with the structure of a iv-Banach algebra, with unit ball U n . 
Since Uq = U, we will abbreviate Uq,k to Uk- 

Theorem. Let U be a deformable IZ-algebra such that grU is a commutative Noe¬ 
therian ring. Then Uk is a flat U\ y K module on both sides. 

Proof. In this proof, "flat module" will mean "flat module on both sides". Since 
U\,k = U\ K, it will be enough to prove that Uk is a flat t/i-module. By 
Proposition 16.51 the /-adic completion V of U\ is isomorphic to the closure of the 
image of U\ in U. Thus we have natural maps L/i —>• W —>• Uk- We observe that V 
is 7r-adically complete by the proof of Theorem VIII.5.14] noting that ideals in 
V are /-adically closed by [2D] Theorem II.2.1.2, Proposition II.2.2.1] 

We begin by filtering both U\ and V 7r-adically. Notice that V/ttV is the I/nUi- 
adic completion of Ui/nU\ which is flat by jl] Proposition 10.14]. Since Ui is 
7r-torsion free, grUi = (Ui/nUi)[t\. Similarly, since V is isomorphic to a subring 
of U, it has no 7r-torsion, and so grV = (V/nV)[t]. Hence grV is flat as a grU\- 
module. Since both U\ and V are 7r-adically complete, [251 Proposition 1.2] implies 
that V is a flat f/i-module. 

Next, we again consider the subspace filtration on Hi induced by the 7r-adic 
filtration on U. We have gr U = U[t\, where t := gin and U := U/nU has degree 
zero. It follows from Lemma I6.4l al that the image of giU\ inside gr U is equal to 
■ FjU, where FjU is the image of FjU in U. Since the quotient filtration 
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FjU on U is exhaustive, the localisation of this image obtained by inverting t is 
equal to t/[t,f -1 ]. Now V is the completion of U\ so 

(gr V)t = (gr U\) t , = Z7[f, f _1 ] = gr Uk 

and therefore gr Uk is a flat grV-module. Hence we can again invoke [25l Propo¬ 
sition 1.2] to deduce that Uk is a flat F-module. □ 

Let U be a deformable 7?.-algebra. By functoriality of 7r-adic completion, the 
descending chain 

U = U 0 D Ui D U 2 D ■ ■ ■ 

induces an inverse system of A-Banach algebras and bounded algebra maps 

Uk = Uo,k Ui t K <r- U'2 ,k •*—••• 
whose inverse limit we denote by 

Uk ■= Lm U U} k- 

The natural maps Uk —> U Ut K may be used to construct semi-norms | • \ n on Uk so 
that the completion of Uk with respect to | • \ n is U n ,K- In this way Uk becomes 
a Frechet algebra. 

Corollary. Let U be a deformable IZ-algebra such that gr U is commutative and 
Noetherian. Then Uk is a two-sided Frechet-Stein algebra. 

Proof. Each U n is a deformable 7?.-algebra with gr U n = grU by |T} Lemma 3.5], 
and the first deformation (U n ) i of U n is equal to 17 n +i by Lemma I6.4l bh Hence 
U Ut K is a flat t/ n +i,x-module on both sides by Theorem 16.61 Also each U U} k is 
Noetherian because gr U is Noetherian. □ 

Remark. Essentially all ideas involved in this proof can already be found in [ 25] . 

Proof of Theorem f^l Fix n ^ 0. Each JL-Banach algebra U(7r n C)K is Noetherian. 
Because ir n C is a smooth (1Z, A)-Lie algebra, U ( 7 r"£) is a deformable 7?.-algebra 
with associated graded ring Sym(7r"£) by Theorem 3.1], and 

U( tt"£)i S U(ir n+1 C). 

Therefore U(jt n C)K is a flat U(Tr n+1 C)K -module on both sides by the Theorem, 
and U(L) = lim U(Tr n C)K is two-sided Frechet-Stein. □ 


7. The functor <g> 

From now on we will work with categories of left modules, however all our 
results will have analogues valid for categories of right modules. We omit giving 
the necessary repetitive details to save space. 
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7.1. Co-admissible completion. Suppose that U is a left Frechet-Stein algebra. 
Recall, [25, §3], that if U = ]^mU n is a presentation of U as a left Frechet-Stein 
algebra then a coherent sheaf of U 9 -modules is a family (M n ) of finitely generated 
[/^-modules M n together with isomorphisms U n ®c/„ +1 M n+ 1 M n for each n. 
The coherent sheaves of [/.-modules form an abelian category Coh([/.) with respect 
to the obvious notion of morphism. Then a [/-module M is said to be co-admissible 
if it is isomorphic as a [/-module to (im M n for some coherent sheaf of [/.-modules 
(M n ) . By |25( Lemma 3.8] the question of whether a [/-module is co-admissible 
does not depend of the choice of [/. presenting U. The co-admissible [/-modules 
form a full subcategory Cjj of all [/-modules. By |251 Corollary 3.3] the natural 
functors 

T: Coh([/.) -A Cjj and Loc u. '■ Cjj Coh([/.) 

that send a coherent sheaf (M„) of [/.-modules to the co-admissible [/-module 
lim M n , and a co-admissible [/-module M to the coherent sheaf ( U n M) of 

[/.-modules, are mutually inverse equivalences of categories. 

Definition. We say that a co-admissible [/-module M is a co-admissible completion 
of a [/-module M if there is a [/-linear map lm '■ M —> M such that for every co- 
admissible [/-module N and every [/-linear map /: M —>• N there is a unique 
[/-linear map g: M —>• N such that g o lm = f ■ 

By usual arguments with universal properties, if a [/-module M has a co- 
admissible completion it (together with the map t) is uniquely determined up to 
unique isomorphism. 

Proposition. Suppose that U = 11m U n is a presentation of U as a left Frechet- 
Stein algebra. If M is a U-module such that each U n (&U M is finitely generated as 
a U n -module then lim U n ®uM (together with the natural map im '■ M —> lim U n <S>u 
M) is a co-admissible completion of M. 

Proof. Certainly hm U n <g )jj M is a co-admissible [/-module, so suppose that N is 
also a co-admissible [/-module and /: M —> N is a [/-linear map. By functoriality, 
there is a natural commutative diagram 


M — (im U n (8 >u M 


N — > ^m U n ®u N. 


where / = ^irn 1 <g) /. Since N is co-admissible, ln is an isomorphism 

define g := ift 1 o f. Then g o i M = f. 

Suppose that h : ^im U n ®uM —> N is another [/-linear map such that 

Then o ho lm = in ° / = / ° £m, so the [/-linear map 

q := ln °h — f : ^im U n M —> hm U n N 

is zero on the image of lm■ By [25. . Corollary 3.3], q is the inverse limit of U n - 
linear maps q n : U n ®ir M —> U n N where q n {x n ) = q(x) n for any x = (x n ) € 
Um[/ n (g)j 7 M. Now for any m G M, lm{tu) = (l®m) G ^im [/„(8>[/M, so q n (l®m) = 
?(tAfW)n = 0. Since q n is U n - linear, we see that q n = 0 for all n and hence q = 0. 
So ln o h = f and h = l^ 1 o / = g. □ 


so we may 

Holm = /■ 
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7.2. A Frechet structure on Horn sets for co-admissible modules. Suppose 
that U is a left Frechet-Stein algebra. Let Qu be the partially ordered set of 
continuous seminorms q on U such that the corresponding Banach completion U q 
is a left Noetherian //-algebra. 


Lemma. Let {/. be a Frechet-Stein structure on U. 

(a) For each q £ Qu and M,N £ Cu, Homy 5 ({/ g ®y M,U q 0>y N) is naturally a 
K-Banach space. 

(b) There is a natural bifunctor from Qu x Cu to the category of K-Banach spaces 
and continuous maps sending the pair ( q,M ) to U q 0y M. 

(c) For each M and N in Cu, 

Horn u(M, N) = ^im Homy g (U q ®y M, U q ®y N) 
q&Qu 

= lim Homy n (U n ®y M, U n ®y N). 


Proof. Write q n for the semi-norm on U such that U n = U qri . For each q £ Qu, 
there is some n such that q n ^ q\ i.e. the set {(?«} is cofinal in Qu- 

(a) Suppose M, N are co-admissible {/-modules and q £ Qu- We can find n 
such that there is a continuous homomorphism of Noetherian //-Banach algebras 
U n —> U q . Since M and N are co-admissible U n 0y M and U n <g)y N are finitely 
generated {/^-modules. Thus {/ q <8>y M = U q <S>u n U n ®uM and {/ g <g>y iV are finitely 
generated {/^-modules. Thus by [25J Proposition 2.1], U q 0y M and U q <g>y N have 
canonical Banach topologies and Homy (U q ®u M, U q 0>y N) consists of continuous 
//-linear maps. In particular Homy^ ( U q 0y M, U q ®y N) is a closed subspace of the 
Banach space consisting of all continuous //-linear maps from U q ®uM to {/ q 0y iV. 

(b) Suppose now that q ^ q' £ Qu and M £ Cu- Then we can define 


1pM,q,q' : Uq ®y M —» U q > 0y M 

by identifying U q t 0y M with U q > U q ®y M and setting ipM,q,q'{u q 0 m) = 10 
u q ®m. It is now easy to verify that if q, q' £ Qu, M, N £ Cu and / £ Horny(M, N ) 
then 

U q 0y M u q ®u N 


V’ M,q,q 

U q ' 0y M - 


id®/ 


/iV,g 


U q ' 0y N 


commutes. 

(c) Write M n = U n 0y M and N n = U n <S>c/ N. Since the set q n is cofinal 
in Qu, it suffices to show that Homy (M, N) = hm Horn u n (M n , N n ). Now by the 
equivalence of categories between coherent {/.-modules and coadmissible {/-modules 
there is a //-linear isomorphism Horn u(M,N) = Homcoh u. (M., A.). Thus it 
remains to observe that if (/„) £ J| n>0 Homy n (M n , N n ) then /. is a morphism 
of coherent {/.-modules if and only if ^N,q n+1 , q „ ° fn+i = fn° ^M,q n+1 ,q n for each 
n ^ 0. □ 


Definition. Suppose that M and N are co-admissible {/-modules. Using the 
lemma we can make 

Homy (M, N) = lim Homy ? (U q 0y M, U q ®y N) 
q&Qu 
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into a PT-Frechet space by giving it the inverse limit topology in the category of 
locally convex vector spaces. 

7.3. The functor M h > PgyM. Let U and V be left Frechet-Stein algebras. 

Definition. We say that a Frechet space P is a U-co-admissible (U,V)-bimodule 
if P is a co-admissible left {/-module equipped with a continuous homomorphism 
V op Endc/(P) with respect to the topology on End[/(P) defined in 37.21 

For any Frechet-Stein structures {/. and V. on U and V respectively, the defini¬ 
tion of the Frechet topology on End;y(P) implies that W p —» Endf/(P) is contin¬ 
uous if and only if for every n ^ 0, there is some m Js 0 and a continuous algebra 
homomorphism V° p —> End(/ n ( U n P ) such that the diagram 

V op -^End u{P) 


V° p -^End Un (U n ®u P) 

commutes. Thus for example U is a {/-co-admissible ({/, Fj-bimodule whenever 
V —> U is a continuous homomorphism of left Frechet-Stein algebras. 

Lemma. Suppose that P is a U-co-admissible (U,V)-bimodule. Then for every 
co-admissible V-module M, there is a co-admissible U-module 

P® V M 

and a V-balanced U-linear map 

v. PxM ->• P® V M 

satisfying the following universal property: if f: P x M —» N is a V-balanced bi¬ 
linear map with N £ C\j then there is a unique U-linear map g: P®yM — > N 
such that gi = f. Moreover, P(&yM is determined by its universal property up to 
canonical isomorphism. 

Proof. Let U = ^im U n and V = ^im V n be presentations of U and V as left Frechet- 
Stein algebras and let n ^ 0 be fixed. Then P n := U n <S)jj P is a (U n , E)-bimodule 
that is finitely generated as a {/^-module. Because V op —>• End[/(P) is continuous, 
the map V op —>• End u n (Pn) factors through V m for some m. Thus 

Pn ®y M = P n <S>v m (Vm ®V M) 

is a finitely generated {/^-module because M is co-admissible. Therefore P ®y M 
has a co-admissible completion by Proposition 17.11 and we define 

PgyM := P <g>y M = hmPn ®y M. 

The universal properties of ®y and of co-admissible completion ensure that P®yM 
satisfies the required universal property. □ 

We note that if U, V and P are as in the Lemma then for any choice of {/. pre¬ 
senting U as a left Frechet-Stein algebra, and any M £ Cjj, we have isomorphisms 

U n (P<8>yM) = U n ®u P ®y M. 

For any / £ Homc v (Af, M'), the universal property for ®v uniquely determines an 
element 1®/ £ Homc^(P®yM, P®yM') since the composite PxM ^4 PxM' 
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P 81 /-M 7 is E-balanced and [/-linear. Thus we have defined the co-admissible base 
change functor 

P 8 y— '■ Cy —> Cjj. 

7.4. Associativity of 8 . 

Lemma. Suppose that U, V and W are left Noetherian K-Banach algebras, P 
is a (U,V)-bimodule, and Q is a ( V,W)-bimodule. Suppose further that P and Q 
are finitely generated over U and V respectively, and that V op —> End u(P) an d 
W op —> Endy(Q) are both continuous. Then P 8 y Q is a finitely generated left 
U-module and the natural map W° p —> End(/(P 8 y Q) is continuous. 

Proof. Suppose that A' := {cci,... ,x n } generates P as a left [/-module and Y := 
{y i,..., y m } generates Q as a left E-module. Then ii p® q £ P <8> Q, we can write 

m m 

V ® q = ^2P ® ViUi = y ^pVj 0 yi 

i =1 i =1 

for some v±,..., v m £ V. Now for each i, pvi = Y2j=i u ij x j f° r some iiy £ U. Thus 
p 8 q = j u ij x j ® Vi- Since P 8 y Q is generated by elementary tensors as an 
abelian group, it follows that it is generated as a [/-module by the set X 8 Y := 
{x®y\x £ X,y £ Y}. 

Choose sub-multiplicative norms on U, V and W that define their Banach topolo¬ 
gies and let U , V and W be the corresponding unit balls. By a non-commutative 
version of [TI] §3.7], UX , VY and U(X 8 Y) are unit balls with respect to norms 
on P, Q and P 8 y Q defining their respective Banach topologies. 

Since V op —>• End[/(P) and TT op -A Endy(Q) are continuous, there are natural 
numbers a and b such that UXV C Tr~ a UX and VYW C TT~ b VY. Thus 

U{X 8 Y)W c U{X 8 ) 7 T ~ b vy) = TT~ b UXV 07 C n-^ a+b) U(X 8 Y) 

and so W op —► End^(P 8 y Q) is continuous as claimed. □ 

Proposition. Suppose that U, V and W are left Frechet-Stein algebras, that P is a 
U-co-admissible (U,V)-bimodule and that Q is a V-co-admissible (V,W)-bimodule. 
Then P®vQ is a U-co-admissible ( U,W)-bimodule, and for every co-admissible 
W-module M there is a canonical isomorphism 

P®v{Q®wM) —t (P 8 yQ) 8 iyAf 

of co-admissible U-modules. 

Proof. Let [/., V, and W, be Frechet-Stein structures on U, V and W respec¬ 
tively. P®vQ is a coadmissible [/-module by Lemma 17.31 and to see that W op —> 
End[/(P 8 yQ) is continuous, it suffices to show that for each n > 0 , W op —>• 
End^ (U n 81 / ( P®vQ )) factors continuously through some W° p . 

Fix n ^ 0 and write P n := U n 8 [/ P. Because C op —>• End[/(P) is continuous, 
there is some m ft- 0 such that C op —> End(/„ (P n ) factors through a continuous map 
V^ p —>• End[/ n (P„). Let Q m := V m 8 y Q so that there is a canonical isomorphism of 
(U n , VF)-bimodules P n 8 v m Qm — P n 8 y Q ■ Because W op Endy(Q) is continu¬ 
ous, there is some l ^ 0 such that W op —> Endy m (Q m ) factors through a continuous 
map W° p End v m (Qm)- Hence W° p —> Endj/ n (P n 8 y m Q m ) is continuous by the 
Lemma. 
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Now, for the choice of m above, there are canonical isomorphisms 


U n g (P® v (Q®wM)) 2* 








P n gy ( Q®wM ) 

Pn gy m (Vm gy ( Q<8>wM )) 

P n ®V m Qm ®W M 

Pn gy Q gvy M 
U n <8>u (P®vQ) ®w M 

Un g{/ (( P($>vQ)®wM ) . 


We note that the composite isomorphism does not depend on m provided that it 
is sufficiently large with respect to n. Since n is arbitrary and both modules in the 
statement are co-admissible the result follows. □ 


Corollary. Let W —> V —> U be a sequence of continuous morphisms of left 
Frechet-Stein algebras. Then there is a canonical isomorphism 

[Igy(Vgiy-M) —t U®wM 
of U-modules, for every co-admissible W-module M. 

7.5. Co-admissible flatness. Let U and V be left Frechet-Stein algebras, and let 
P be a [/-co-admissible (U, V)-bimodule. 

Definition, (a) P is a c-flat right V-module if Pgy — is exact. 

(b) P is a faithfully c-flat right V-module if in addition PigyM = 0 only if M = 0. 

Proposition, (a) The functor P®y — is right exact. 

(b) If U = Hm U n is a presentation of U as a left Frechet-Stein algebra such that 
U n g>[/ P is a flat right V-module for all n, then P is c-flat over V. 

(c) If additionally, for all non-zero M £ Cy there exists n such that U n ®u P®y M 
is non-zero, then P is a faithfully c-flat right V-module. 

Proof. Let P n = U n ®jjP and consider the functor Loc u. °(P<8>y—): Cy — > Coh ([/.). 
This is equivalent to the functor (P n gy —). Since Loc u. is an equivalence of cat¬ 
egories it suffices to show that P n gy — is always right exact, that it is exact if 
each P n is flat over V, and that if for all non-zero M £ Cy there exists n such 
that P n g y M is non-zero then (P„ g y M) is non-zero. All these statements are 
well-known or clear. □ 


7.6. Rescaling the Lie lattice. Suppose that Y is an afhnoid subdomain of the 
reduced Ji-affinoid variety X, A is an affine formal model in 0(X) and £ is a 
coherent (TZ,A)- Lie algebra. 

Lemma, fa) For each g £ O(X), there is an n ^ 0 such that n n C ■ g C A. 

(b) There exists l /s 0 such that Y is ir n C-admissible for all n ^ l. 

Proof. Suppose that x \,..., xj, is a generating set for C as an A-module. 

(a) Since Xi ■ g £ O(X) for each 1 ^ i ^ d and 0{X) = K ■ A, there are m ^ 0 
such that for each such i, n ni Xi-g £ A. Taking n = sup{rii} we see that n n C-f C A 
as required. 

(b) By Lemma T3.II and [III Proposition 6.2.2.1], there is an affine formal model 
B in 0(Y) containing the image of A. Since B is topologically finitely generated 
and the action of each x * on B is bounded we can find mi f: 0 such that for each 
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1 ^ i ^ d, ir mi Xi ■ B C B. Taking l = sup mj we see that B is 7 r"£-stable for all 
n ^ l. □ 

Proposition. There is an m ^ 0 such that Y is 7 r" C-accessible for all n ^ to. 

Proof. First suppose that Y is a rational subdomain of A'. By El Proposition 
7.2.4/1], there is a chain 

Y = Z r c Z r -1 C---C2i=l 

such that Z k+1 = Z k {g k ) or Z k+ 1 = Z k (l/g k ) for some g k 6 0{Z k ). By part (a) of 
the Lemma, we may then inductively find m k ^ m k -\ (with mo = 0) and ir mk £- 
stable affine formal models B k in 0(Z k ) such that n mk £ ■ g k C B k . Then Y C A' is 
7r"£-accessible for all n ^ m r . 

Returning to the general case, let l be given by part (b) of the Lemma. By 
E Theorem 4.10.4], we can find rational subdomains Ai,..., A r of A such that 
Y = \Jfj-i Xj. By part (a), there are mi,... ,m r ^ l such that A j —> X is 7 t"£- 
accessible for n ^ mj and so we may take m = supm^-. □ 

7.7. Theorem. Let Y be an affinoid subdomain of the reduced A'-affinoid variety 
A, let A = 0(A), B = OfY) and let A be a coherent (A/ A)-Lie algebra. Suppose 
th at L ha s a smooth .4-Lie lattice £ for some affine formal model A in A. Then 
U(B (gu L) is a co-admissibly flat [/(L)-module on both sides. 

Proof. Replacing £ by a 7 r-power multiple if necessary, by Proposition 17.61 we may 
assume that Y is a 7 r"£-accessible affinoid subdomain of A for all nfz 0. Choose 
an £-stable affine formal model B in R; then £' := R(g>^£ is a smooth £>-Lie lattice 
in B L so using Definition 16.21 we may write 

U(L) = \rmU(n n £)k and U ( B gu L) = (im U ( 7 T n £')K- 

Now U(L) is a two-sided Frechet-Stein algebra by Theorem 16.41 so U(jt n £)K is a 
flat /7(L)-module on both sides by the two-sided version of p?5I Remark 3.2]. Also 
U(n n £')K is a flat U ( 7 r n £)^-module on both sides by Theorem 14.Sl ab Therefore 
U(Tr n £')K is a flat t/(A)-module on both sides, and hence U(B®aL) is a co- 
admissibly flat U (L)-module on both sides by the two-sided version of Proposition 

EHb). □ 


8. CO- ADMISSIBLE (A)-MODULES ON AFFINOIDS 

In this section we suppose that A is a reduced A'-affinoid variety, A is an affine 
formal model in 0(A), £ is a smooth ( 1Z , A)-Lie algebra, and L = £ gi-R, K. 

8.1. Sheaves of Frechet—Stein enveloping algebras. 

Definition. For each affinoid subdomain Y of A, write 

W(L)(Y) := f/(0OO0^) L) 

for the Frechet completion of the enveloping algebra U(0(Y) ®o(x) L). 
Theorem. is a sheaf of two-sided Frechet-Stein algebras on X w . 
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Proof. Let Y be an affinoid subdomain of X. By replacing £ by a 7r-power multiple 
if necessary and applying Lemma I7.6l b) , we may assume that Y is /^-admissible. 
Let B be an £-stable affine formal model in Y. Then B <g >_4 £ is a smooth B- 
Lie lattice in 0(Y) ®o(x) L, so f/(L)(Y) is a two-sided Frechet-Stein algebra by 
Theorem 16.41 

By Proposition I6.3f ah L ) is a presheaf on X w . Let U be an X^-covering of 
X. By replacing £ by a 7r-power multiple again if necessary and applying Lemma 
nab), we may assume that U is 7r ra £-admissible for all n ^ 0. Now 

W\L)(Y) “ lim ¥{^B)k(Y) 

n^O 

whenever Y is an intersection of members of U, and the complex C* ug (Z£ fZ (:k u C)k) 
is exact for each n ^ 0 by Corollary 13.51 Therefore 



is also exact, and hence ^(L) is a sheaf. □ 


8.2. Localisation. For every co-admissible U (L)-module M, we can define a presheaf 
Loc(M) of '^'(£)-modules on X w by setting 

Loc(M)(F) := W\L)(Y)J^M 
U(L) 

for each affinoid subdomain Y of X. The restriction maps in Loc(M) are obtained 
from the associativity isomorphism 


W\L)(Z)^® 

W(L)(Y) 


( <%{L){Y)JIM 

V U(L) 


given by Corollary 17.41 


U(L ) 


Theorem. Loc defines a full exact embedding of abelian categories from the cat¬ 
egory of co-admissible U(L)-modules to the category of sheaves of fZ (L)-modules 
with vanishing higher Cech cohomology groups. 

Proof. First we prove that if M is a co-admissible [/(L)-module then any X w - 
covering U of an affinoid subdomain Y of X is Loc(M)-acyclic. In particular this will 
demonstrate that Loc(Af) is a sheaf on X w with vanishing higher Cech cohomology 
groups. 

Using Proposition 17.61 we may assume that U is a 7r™£-accessible covering of Y 

for each n ^ 0. Write M = limM n where M n := U('k ti C)k <8>'—- M, and consider 

t u(l) 

the sheaves M n := Loc(M ra ) of fZ(jr n C)K --modules on X ac (7r n £). By Proposition 
EU the augmented Cech complexes Xi n ) are exact for each n ^ 0. 

Now Loc(M)(T) = hmA4 n (F) and Loc (M)(U) = hmA4 n (17) for each U £ U. 
Moreover, by [25, Theorem B], hm ^M. n (Y) = 0 and ^im ti) J\A n {U) = 0 for each 
j > 0 and each U GU. Consider the exact complex of towers of ‘fZ (£)(y [-modules 

c: ue (u,(M n )). 
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An induction starting with the left-most term shows that ^im is zero on the kernel 
of every differential in this complex, for all j > 0 . Therefore l ; imC* 11 ? (£Y, Xi n ) is 
exact. But this complex is isomorphic to C* ug (lA, Loc(M)). 

Now suppose that f:M —>■ N is a morphism of co-admissible t/(L)-modules. 
By the universal property of for each Y in X w there is a unique morphism of 
< ^'(L)(F)-modules Loc (M)(Y) -A Loc(X)(F) making the diagram 

M -*■ N 


I I 

Loc(M)(F) -> Loc(M)(X) 

commute. It is now easy to see that Loc is a full functor as claimed. 

Finally, suppose that 0 —>• Mi —» M 2 —» M 3 -A 0 is an exact sequence of co- 
admissible U (L)-modules. Since L)(Y ) is a c-flat ^(L)(X)-module on both 
sides for each Y G X w by Theorem 17.71 each sequence 

0 -s- Loc(Mi)(F) ->• Loc(M 2 )(F) Loc(M 3 )(T) ->• 0 
is exact. This suffices to see that Loc is exact. □ 

8.3. Co-admissible '^'(L)-modules. 

Definition. Let .YA be a A/ (L)-module. Given an X^-covering U = { U\ ,..., U n } 
of X, we say that is IA-co-admissible if for each 1 ^ i ^ n there is a co- 
admissible ^(.L)(f7j)-module Mi such that .YY\u i is isomorphic to Loc(Mi) as 
sheaves of ^(L)^-modules. We say that ,YA is co-admissible if there is some 
X,„-covering U of X such that is 7f-co-admissible. 

Proposition. Suppose that a: ,YA —> X is a morphism of IA-co-admissible 
modules for some admissible covering IA. Then kero, coker a and Ima are each 
IA-co-admissible. 


Proof. We can compute using Theorem 18.21 that (kero)^ = Loc(ker «([/,;)), that 
(coker a)!^ = Loc(cokera(/7i)) and that Ima'I^ = Loc(Ima(17j)). □ 


Lemma. Suppose that is a sheaf of AY (L )-modules isomorphic to Loc(M) for 


some co-admissible U(L)-module M. Then the sheaf Loc (u (£)k ' 
X ac (C) has sections given by Z 1 
Proof. The commutative diagram 


U(L) 


M\ 


nc) K ( Z )®^ )(z) ^( Z ). 


U(L) = AY(L){X) -- W{L){Z) 


U{C) K 

induces an isomorphism 


W(C) K (X) 


■&(C) K (Z) 


AY(C) k (Z) J$^U(C) K ®^M = AY(C) k (Z) AY{L)(Z)j^M 

mC)K U(L ) W(L)(Z) U(L) 

and the result follows. □ 
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8.4. Kiehl’s Theorem. 

Theorem. Let MZ be a sheaf of % (L)-modules on X w . Then the following are 
equivalent. 

(a) MZ is co-admissible. 

(b) ,/ZZ is IA-co-admissible for all X w -coverings U of X. 

(c) MY is isomorphic to Loc(A 1) for some co-admissible U(L)-module M. 

Proof. Note that (c) => (b) and (b) =>■ (a) are trivial. We will prove (a) ==> (c). 

Suppose that IA is a covering of X by affinoid subdomains such that .MZ is U- 
co-admissible. By m Lemmas 8.2.2/2-4], IA may be refined to a Laurent covering 
V = | a» G {±1}} for some /i,...,/ m G O(X). Certainly MZ is 

V-co-admissible so we may, without loss of generality, assume that IA = V. Using 
Proposition 17.61 we may also assume that IA is 7r n £-accessible for all n ^ 0. 

In an attempt to improve readability, we write S n for the sheaf fY (t: 11 C)k on 
X ac {Tr n C) and 5oo for the sheaf %(L) on X w , so that <Soo(X) = lim<S n (AL) and 
Soo(Y) = lim<S n (F) for all Y G U. 

Fix n ^ 0. Consider the sheafification M n of the presheaf Z i-> S n {Z)®s oa {z)- / &(Z) 
on X ac (ix n C). Let Y G U, so that MZ(Y) is a co-admissible iS 00 (T)-module, and 
MY\ y w is isomorphic to Loc {MZ(Y)) by assumption. By Lemma 15731 applied to MZ\ Yw 
there are isomorphisms 

M n \y w = Loc (S n (Y) ® 5oo (r) JZ{Y)) . 

Thus applying Theorem 15.51 there is a finitely generated tS„ (X )-module M n , and 
an isomorphism Loc(M n ) —^ M n . 

Now Loc(AL„) = Loc(<S„(X) <8>5„ +1 (.y) AL„ + i) since they have the same local 
sections on U. Thus := lim M n is a co-admissible l S 00 (X)-module. We will 
show that Loc(M 00 ) is isomorphic to our sheaf 

Let 9 n denote the <S<x> (AQ-linear map M —> M n (X) defined by the composite of 
the natural map —> M n and the global sections of the isomorphism Loc(M n ) —>• 

M n - Let Y GlA. Combining the isomorphism 

Loc(M„)(F) = S n {Y) ® 5n(x) M n ^4 M n (Y) 

together with the canonical isomorphism M n = S n (X) ^Aoo given by [25] 

Corollary 3.1] produces a compatible family of isomorphisms 

a n (Y) : S n (Y) ® Saa (x) M x -A M n {Y) 

given by the l S 00 (X)-balanced map (s, m) ha- s ■ 9 n (m)\y. 

Passing to the limit as n —> oo gives an isomorphism of 5oo(T)-modules 

a(T): Loc(M 00 )(Y)=S 00 (Y)®sMx)M 0 o^^(Y) 

given by the <Soo(Af)-balanced map (s,m) s ■ lim(0 ri (ro)|y). Since MZ\ y = 
Loc(M^(Y)) by assumption, Theorem 18.21 gives an isomorphism 

Cty '■ Loc(M 00 )|y -> MZ^y 

of sheaves of iSooly-modules whose local sections 

oty ( Z ): Soo ( Z ) < 8 > Mqq —> MY ( Z ) 

Soo(X) 
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are given by ay(Z)(s®m) = s ■ \im.(O n (m)\y)\z , whenever Z C Y is an afhnoid 
subdomain of X contained in Y. Because lim(O n \y)\z = \imd n \z, it follows that 

ay(Y fl Y') = ay{Y D Y') for every Y, Y' 6 U. 

Hence the ay patch together to an isomorphism of sheaves a: Loc(M 00 ) —>• . □ 

9. Sheaves on rigid analytic spaces 

In this section X is a rigid I\ -analytic space. 

9.1. Lie algebroids. Let X w denote the subset of A' r ; g consisting of the afhnoid 
subdomains of X. Since we do not assume that X is separated, X w is not closed 
under intersections in A' r ; g and thus is not a G-topology on X in general. However, 
every admissible open subset in A r j g has an admissible cover by afhnoid subdomains 
of A. 

Definition. [ilTl §9.2.1] A subset B of objects of A' r j g is a basis for the topology if 
every admissible open has an admissible cover by objects in B. 

In particular, X w is a basis of X. 

Definition. If B is a basis of A, a presheaf F on B is a sheaf if for every admissible 
cover {Ui} of U by objects in B and any choice of admissible covers {Wijk} of UiCiUj , 

F(U) ^HF^) ^\{F(W ijk ) 

is exact. 

Theorem. Suppose that B C AA g is a basis for the topology X. The restriction 
functor induces an equivalence of categories between sheaves on A r ; g and sheaves 
on B. 

This is a consequence of the Comparison Lemma [TTI Theorem C.2.2.3], but we 
give a proof in Appendix A for the convenience of the reader. 

Proposition. There is a coherent sheaf Tx of K-Lie algebras on A r i g with 

Tx(U) := Der k O{U) 

for every affinoid subdomain U of X. Moreover, for all admissible open subsets Y 
of X, Tx{Y) acts by derivations on Ox{Y). 

Proof. We define the restriction maps 7x(U) —> Tx (V) for V C U afhnoid subdo¬ 
mains in X using Lemma 12.41 By the uniqueness part of that Lemma this defines 
a presheaf of AT-Lie algebras on X w . Let {Ui} be an admissible afhnoid cover of an 
afhnoid subdomain U of A'. Then it is routine to check that the sequence 

0 73c(CO ->• liTxm I ]KWi n Uj) 

is exact, so Tx defines a sheaf of A'-Lie algebras on X w . By the Theorem, this 
extends to a sheaf of A'-Lie algebras on A' r ; g . A similarly routine verification shows 
that Tx(Y) acts by derivations on Ox(Y) whenever Y is an admissible open subset 
of A. □ 

We call the sheaf Tx constructed in the Proposition the tangent sheaf of X. 

Definition. A Lie algebroid on A is a pair (p, JY) such that 

• ££ is a locally free sheaf of (D-modules of finite rank on A' r j g , 
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• ££ has the structure of a sheaf of A'-Lie algebras, and 

• p: Jzf —> T is an 0-linear map of sheaves of Lie algebras such that 

[x,ay\ = a[x, y] + p(x){a)y 

whenever U is an admissible open subset of X, x,y £ 2 zf(t/) and a £ 0(U). 

For example, if X is smooth, then the tangent sheaf Tx is locally free of finite 
rank by definition, and thus (id- 7 - x , 73 f) is a Lie algebroid on X by the Proposition. 


9.2. Lie-Rinehart algebras and Lie algebroids. If (p, .Sf) is a Lie algebroid on 
X, then (p([/), Jzf ([/)) is a (A/0(/7))-Lie algebra for every admissible open subset 
U of X. Moreover every affinoid subdomain U of X, 2zf( [U) is smooth by |141 
Proposition 4.7.2], 

Definition. A morphism (p,Jf) —> (p',Jjf') of Lie algebroids on X is a morphism 
of sheaves 9: Jzf — >• J§f' such that 9{U) is a morphism of (K. 0(17))-Lie algebras for 
every U C X in A' r j g . 

Lemma. Let Y = Sp(A) be a K-affinoid variety. The global sections functor 
r(Y, —) defines an equivalence of categories between the category of Lie algebroids 
on Y and the category of smooth (AT, A)-Lie algebras. 

Proof. First, suppose that (A, p) is a smooth ( K , A)-Lie algebra and define Loc(A) 
to be the locally free sheaf on Y w given by Loc (L)(U) = 0(U ) <S>a L for U C Y 
affinoid and natural restriction maps. By Corollary 12.41 there is a unique structure 
of a (A', 0(U))-lj\e algebra on Loc(A)(f7) with anchor map p(U) so that 

L - — Der^ {A) 

Loc( L) (U) ^-+Ty {U) 


commutes. Suppose that V C U are affinoid subdomains of Y, and consider the 
diagram 


L -^ Loc(A)(t/)-^ Loc(L)(V) 


p 


P{U) 


p'(V) 


Der k (A) -- Ty{U) -- Ty(V) 


where p'(V) is the anchor map for the unique (K, 0(V))-Lie algebra structure on 
Loc (L)(V) making the right-hand square commute. Since the left-hand square also 
commutes, the outer square must commute and p'(V) = p(V) by the uniqueness of 
p(V). Thus p\ Loc(A) —> Ty\y w is a morphism of sheaves of Lie algebras on Y w . 
By CD Proposition 9.2.3/1], Loc(A) extends to a Lie algebroid Loc(A) on Y. 

Now, suppose that /: L —» L' is a morphism of (. K , A)-Lie algebras. By Corollary 
12.41 there is a unique morphism of sheaves on Y w 

Loc(/): Loc(A)|'v„ —t Loc(A')|Y m 


such that Loc(/)(Y) = /, given by Loc(/)(/7) = 0(U)®Af for affinoid subdomains 
U C Y. By im Proposition 9.2.3/1] again, Loc(/) extends to a morphism of Lie 
algebroids. Thus Loc defines a functor inverse to T(Y, —). □ 
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Corollary. If (p, _S?) is a Lie algebroid on a rigid K-analytic space X, then for 
every affinoid subdomain U of X, = Loc(«£?(f7)). 

9.3. The Frechet completion of (Jz?). We will need to work with a slightly 
coarser basis for A r j g than X w . 

Definition. Let Jz? be a Lie algebroid on the reduced rigid /\-analytic space X. 
We say that «£?(A) admits a smooth Lie lattice if there is an affine formal model A 
in 0{Y) and a smooth A-lAe lattice C in Jz?(F). We let A u ,(Jz?) denote the set of 
affinoid subdomains Y of X such that j£? (Y) admits a smooth Lie lattice. 

Lemma. X w (Jf) is a basis for X. 

Proof. Suppose that Y is an affinoid subdomain of A' such that Jz?(F) is a free 
(D(y)-module. Then Jr?(F) has a free 0(Y) “-lattice spanned by a generating set 
for Jz f(Y) as an 0(y)-module, and some 7 r-power multiple of this lattice will be 
a free 0(Y)°- Lie lattice by Lemma fc.lf c). Thus J 5?(Y) has a smooth 0(Y)°- Lie 
lattice whenever TY(Y) is a free 0(T)-module, so A u ,(Jz?) is a basis for X since «£? 
is a locally free 0 -module. □ 

Theorem. Let X be a reduced rigid I\ -analytic space. There is a natural functor 
ffc (—) from Lie algebroids on X to sheaves of K-algebras on A' r j g such that there 
is a canonical isomorphism 

W{X)\ Yw ^ff(jF(Yj) 

for every Y G X m (Jz?). 

Proof. Given a Lie algebroid «£? on A, let («£?) be the presheaf of TL-algebras on 
X w given by 

r )(Y) := Ui&X)) 

on affinoid subdomains Y of A, with restriction maps given by Proposition 16,3f a). 

By Theorem 18.II % («Sf) is a sheaf of iL-algebras on X W (JY). Because X W (JY) is 
a basis for X by the Lemma. ^(Jz?) extends uniquely to a sheaf of A'-algebras on 
A r ig by Theorem 19. II 

Moreover if ££ —> is a morphism of Lie algebroids on X then Proposi¬ 

tion [6T3jb) , together with Lemma [A. II gives a morphism of sheaves of A'-algebras 
—> fy(JY’) on A r ; g in a functorial way. □ 

Definition. We call the sheaf («S?) constructed in the Theorem the Frechet com¬ 
pletion of W (Jz?). If X is smooth, «S? = T and p = I 7 -, we call 

V :=ff(T) 

the Frechet completion of T>. 

From now on we assume that our rigid A'-analytic space A is reduced. 

9.4. Co-admissible sheaves of modules. Let Jz? be a Lie algebroid on X. By 
analogy with the definition of coherent sheaves given in |16l §11.5], we make the 
following 
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Definition. A sheaf of ^(^f)-modules on A r i g is co-admissible if there is an 
admissible covering {[/*} of X by affinoids in X w (Jf) such that ^\u iw is a co- 

admissible (2z?) | u t w -module for all i in the sense of Definition 18.31 

We record three equivalent ways of thinking about co-admissible modules. 

Theorem. The following are equivalent for a sheaf ^ of (Jzf )-modules on X r j g : 

(a) ^ is co-admissible, 

(b) JC | is a co-admissible {J£)\u w -module for every U £ X W (JX‘), 

(c) ^/L(U) is a co-admissible -module, and the natural map 

Jt{U) —> J{fV) 

{Z£)(U) 

is an isomorphism whenever V, U £ X w (Jf) and V C U. 


Proof, (a) => (b). Let {Ui} be an admissible afhnoid covering of X such that 

■M\ui is a co-admissible (Jf)\u { ^-module and Ui £ X u ,(Jz?) for all i. Let U be 
another object of X w (Jf); then {U D £/,} is an admissible cover of U. Choose an 
admissible afhnoid covering { }y of U PI Ui for each i; then [Vij}ij is an admissible 
afhnoid covering of U and therefore admits a finite subcovering W, say. Now jj w 
is W-co-admissible in the sense of Dehnition 18.31 since each W £ W is an afhnoid 
subdomain of some Ui. 

(b) => (c). Let U £ («£?). By Theorem 18.41 JK\u w is isomorphic to Loc(A%) 

for some co-admissible % (Jzf)([/)-module Mu- Applying T(U, — ) shows that Mu = 
Loc (Mu){U) = .#([/), so .y^(U) is a co-admissible ^(jS?)(£/)-module. Hence 

JffV) “ Loc (.#(£/)) (V) = JZ(U) 

W{&){U) 


for every afhnoid subdomain V of U. 

(c) => (a). Using Lemma lfOl choose an admissible covering {Ui} of A by affinoids 
in X w ( 2zf), and let Mi := ^4'((Ui ) for each i. Then Mi is a co-admissible («Sf)(Ui)- 
module, and there is a natural isomorphism of sheaves of ^(Jz f)\u t -modules 


Loc(Mj) —f Ui, w 

for each i, by assumption. Hence is co-admissible. 


□ 


ft follows readily from Proposition 18.31 that the full subcategory of sheaves of 
(2z?)-modules on A r i g whose objects are the co-admissible ^ (A?)-modules is 
abelian. 


9.5. Two corollaries. We begin with a more general version of Corollary 11.41 
which follows immediately from Theorems 18.21 and 18.41 

Theorem. Suppose that ££ is a Lie algebroid on a reduced K-affinoid variety X 
such that ££[Xd) admits a smooth Lie lattice. Then Loc is an equivalence of abelian 
categories 

co—admissible | j co—admissible sheaves of 

(Jt?)(X) —modules j { ^(2z?)— modules on X 
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Given an abelian sheaf T on X, write H m {X,J-) to denote the sheaf cohomology 
of X, and let H*(U,X) denote the Cech cohomology of T with 
covering U. 

Proposition. Suppose that X is separated, ..XI is a co-admissihle 
and U is any cover of X by affinoids in X w («Sf). Then 

for all i ^ 0. In particular, H l (X, XI) = 0 for i ^ \IA\. 

Proof. Since X is separated, every finite intersection V of elements of U is affinoid. 
Thus by Theorem 19.41 y is a co-admissible < ^'(«Sf)|y-module and so has van¬ 
ishing Cech cohomology groups by Theorem 18.41 and Theorem 18.21 Thus the result 
follows from [27l Lemma 03F7J. □ 

It follows from the Proposition that in the setting of the Theorem, the global 
sections functor r(X, —) is an exact quasi-inverse to the localisation functor Loc. 

Appendix A. 

When X is affinoid, im Proposition 9.2.3/1] gives that the restriction functor 
from sheaves on X r j g to sheaves on X w is an equivalence of categories. In this 
appendix we extend this result to bases for general rigid X-analytic spaces A'. 

A.l. Lemma. Suppose that B C A r i g is a basis. The restriction functor r from 
sheaves on A' r ; g to the category of sheaves on B is full and faithful. 

Proof. Suppose that T and Q are sheaves on A r ; g and 6 is a natural transformation 
from r(X) to r(Q). We must show that 9 extends uniquely to a morphism of sheaves 

t: xg. 

Suppose that U is an admissible open subset of X and U = {Ui} is a admissible 
cover of U by Ui in B. Since Q is a sheaf on A r j g , 

G(U) -4 H g{Ui) =t H g(Ui n Uj) 

is exact. For each pair i,j, choose an admissible cover {Wjjfc} of Ui G Uj by objects 
in B. Since Q is a sheaf, Q(Ui fl Uj) —> ]/[ fc QfWijk) is a monomorphism for each 
pair i,j and so G(U) is also the equaliser of n^(^) —^ Tlcfc ^(Wijk)- Thus Q\s is 
a sheaf on B. 

Since 9 is a natural transformation, the two composites 

X(U) —> n X(Ui) -t Y[S(Ui) Y[S(W ijk ) 

agree. Thus there is a unique t(U) £ Hom(J r (L r ), G(U)) such that 

nu) —-nm) 

Worn 

n GW 


respect to the 
(«Sf )-module 


t(u) 

Q{U)- 
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commutes. Next, suppose that V = { Vj } is a refinement of U with each Vj in B. 
Then 


HU) — 

-n hu) — 


t(U) 

n*w) 

Yiuvp 

G{U) — 

^UG(Ui) - 

-n G(Vj) 


also commutes, so t{U) = i(V). Since any two such covers of U have a common 
refinement, we see that t(U) := t(U) does not depend on the choice of cover of U. 
In particular if U is in B, t(U) = 9{U). 

Now suppose that V C U are admissible opens in X T i g with U in B. Let {V.} be 
an admissible cover of V by objects in B. Consider the diagram 

HU) — ^HV )— 

6(U) t(V) 8(V) 

G(u) — +g(v) —-TW). 

The outer square commutes because 9 is a natural transformation. The right-hand 
square commutes by the construction of t(V). Since Q is a sheaf, the bottom 
rightmost horizontal morphism is a monomorphism so it follows that the left-hand 
square commutes. 

Finally, consider V C U for general admissible opens in X r - lg . Let {Ui} be an 
admissible cover of U by objects in B and define V := V f~l Ui so that {Vi} is an 
admissible cover of V. Then consider the diagram 

HU) —- n HUi) —- n HVi) 

t(u) ftem nw) 

g(u) —- n sm —- n Gm. 

The left-hand square commutes by construction of t(U). The right-hand square 
commutes by the previous paragraph since each Ui is in B. Thus the outer square 
commutes. By repeating the argument used in the case U is in B we see that t is 
the unique morphism of sheaves extending 9 as required. □ 

A.2. Proposition. Suppose B C X r - lg is a basis of X. The essential image of the 
restriction functor from sheaves on X r - lg to presheaves on B consists of the sheaves 
on B. 

Proof. Suppose that F is a sheaf on B. We will construct a sheaf T on X rig whose 
restriction is naturally isomorphic to F. Suppose U is an admissible open subvariety 
of X and U = {Ui \ i £ 1} is an admissible cover of U by objects in B. For each 
i,j € I let Vij = {Vijk} denote an admissible cover of Ui fl Uj by objects in B. 
Then define H°fU, F) to be the equaliser of Jlte/ =1 Jj[ F{Vijk). Since F is a 

sheaf on £>, if W l3 = {Wiji} is a refinement of Vij then J~[ F(Vijk) —> Jj F(Wiji) is a 
monomorphism. Thus H°(U, F ) only depends on the choice of cover U not on the 
choice of Vij. Note also that, by the definition of a sheaf on £>, H°(li,F) = F(U) 
whenever U is a admissible cover of U £ B. 

Now, we can define for any admissible open subset U of X 

HU) :=lh yH°(U,F) 
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where the direct limit is over all covers of U by objects in B. In particular F(U) = 
F{U) for U € B. Suppose that V C U are admissible open subsets of X. If 
U = {Ui | i € 1} is an admissible cover of U by objects in B then V = {UiHV \ i € 1} 
is an admissible cover of V. For each i we can find an admissible cover Vi of UiCiV by 
objects in B. Then (J Vi is an admissible cover of V by objects in B. Moreover, the 
universal property of equalisers defines a map H°(U,F) —> i?°((J Vi,F) —> F{V). 
These patch together using the universal property of direct products to give a 
morphism F(V) — > F(U). It is routine to check that in this way T defines a 
presheaf on X r ; g whose restriction to B is naturally isomorphic to F. The proof of 
|111 Lemma 9.2.2/3] shows that F is in fact a sheaf. □ 
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